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DESIGN OF LONG REINFORCED CONCRETE COLUMNS 


Bengt Broms,* A.M. ASCE and I. M. Viest,** A.M. ASCE 
(Proc. Paper 1694) 


SYNOPSIS 


The design procedure presented in this paper involves the strength of a 
short column, the eccentricity determined from an elastic analysis, anda 
reduction coefficient. Depending on the method used in computing the short 
column strength, the procedure may be applied at either working or ultimate 
load level. 

The reduction coefficient is based on the results of a theoretical analysis 
of the strength of long columns.(1) It is shown that the strength of a hinged 
column with the eccentricity obtained from an elastic analysis represents a 
lower limit for the strength of restrained columns. It is shown further that 
the ratio of the strength of a long column to that of a short column depends 
primarily on the slenderness ratio and on the ratio of end eccentricities. 
These two variables are taken into account in the reduction coefficient. 

The design procedure is compared with the available test data for hinged 
columns. 


INTRODUCTION 


Since 1936, the ACI Building Code requirements(2,3,4,5,6) have pro- 
hibited the use of eccentrically loaded reinforced concrete columns with the 
length to depth ratio larger than 20. As most columns have some eccen- 
tricity, this provision prevents a general use of slender reinforced concrete 
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columns. It was, therefore, considered desirable to undertake a study of long 
columns for the purpose of examining the current design procedures. 

The first step in the ensuing investigation was the development of theo- 
retical analyses for hinged(1) and restrained(7) columns taking into account 
the effects of increased lateral deflections due to loading and the limitation 
on strength imposed by buckling. The analyses were based on the principles 
advanced by Euler,(8) Engesser,(9) Karman,(19) and Westergaard and 
Osgood,(11) and on the behavior of short eccentrically loaded columns re- 
ported by Hognestad.(12) The analyses for concentrically and eccentrically 
loaded hinged columns were found in a reasonable agreement with the avail- 
able test data. The analysis for concentrically loaded restrained columns 
was checked against a few tests of columns with fixed ends; no applicable " 
test data were available for eccentrically loaded restrained columns. 

The theoretical analyses for eccentrically loaded columns cannot be used 
directly for evaluating the ultimate strength of a particular column, They are 
more suitable for correlating the ultimate loads for a whole group of columns 
having the same properties of the cross-section and the same characteristics 
of loading other than the magnitude of the initial eccentricity. The results of 
such a correlation for one group of columns are shown in Fig. 1. 

Ultimate load graphs such as those in Fig. 1 were used for evaluating the 
effects of several variables on the ultimate strength of long columns(1,7) and 
for development of a simple design procedure. The design procedure and its 
development are reported herein. 


Notations 


= dimensionless parameter 
width of column cross-section 


total area of longitudinal column reinforcement 


B = effect of basic load consisting of dead load plus volume change due 
to creep, elastic action, shrinkage and temperature 


d = overall depth of column cross-section 
d' = effective depth of reinforcement “3 
e = end eccentricity for columns with e = eg | 


€1,€9 = end eccentricities of load; eg is the larger of the two values and is 
always taken as a positive quantity . 


€o = initial end eccentricity of load in a restrained column 
er = reduced eccentricity determined by an elastic analysis 7 
E = modulus of elasticity of concrete 
fe = compressive strength of 6 by 12-in. concrete cylinders aH 
. = compressive strength of concrete in flexure - 
fy = yield point of reinforcement 

H = transverse load applied at mid-depth of column 

I 


moment of inertia of column cross-section 
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K = load factor 

( = length of column 

L = effect of live load plus impact 

M = bending moment 

n = modular ratio 

p = Ag/bd; ratio of reinforcement 

P = applied column load 

Pdes = design column load for working load design 


Piong = ultimate strength of long column 


Pshort = ultimate strength of short column 


Ptest = ultimate strength of a column determined by test 

Pult = COmputed ultimate strength of a column 

Pwork = working load for a column designed by the ultimate load procedure 
U = ultimate strength capacity of the section 

a = assumed coefficient of end restraint 

acol = column stiffness 

6 = maximum lateral deflection 


Reduction Coefficient 
Method of Approach 


The graphs of ultimate load of the type shown in Fig. 1 may be used for 
design of slender reinforced concrete columns. The principal advantage of 
this method is a high degree of accuracy which can lead to the best utilization 
of column materials. However, it requires a separate graph for each combi- 
nation of the following variables: concrete strength, percentage and yield 
point of the reinforcement, ratio of effective depth to total depth, end re- 
straint, ratio of end eccentricities and ratio of end restraints. Although the 
method could be simplified substantially by designing all columns as hinged, 
even then a large number of graphs would be needed. Furthermore, the cal- 
culations necessary for obtaining an ultimate load graph are extremely 
tedious. Thus, with the exception of unusual cases in which the additional 
effort required for an accurate analysis is warranted, it is desirable to have 
a simpler method even if it is less accurate. Such a method may be devised 
by neglecting the effects of less important variables and by approximating the 
effects of the most important variables. 

The curves in Fig. 1 show that the ultimate strength of a reinforced con- 
crete column is affected substantially by the slenderness ratio ¢/d, the eccen- 
tricity ratio e/d and the degree of end restraint a/f"'bd2. The curves in 
Fig. 2 show that the strength of concrete fi and the percentage of reinforce- 
ment p also have important effects on the ultimate load. Furthermore, earlier 
reported studies(1) have shown that the ultimate load varies significantly with 
the ratio of end eccentricities and it is believed that the ratio of end restraints 
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may also be significant.(7) Accordingly, any approximate procedure for 
computing the ultimate load capacity of a long reinforced concrete column 
has to account for the effects of a large number of important variables. 

A study of the ultimate loads shows that some of the significant variables 
have a similar effect on the strength of short and long columns. This is 
illustrated in Fig. 3 and 4 for hinged and restrained columns, respectively. 
Taking the theoretical ultimate load for (/d = 0 as the strength of a short 
column Pghort, the ratios Pjong/Pshort in Figs. 3 and 4 show that, for the 
selected combinations of variables, the effects of fi, fy, p and duration of 
loading do not vary greatly for the practical ranges of values; the variation of 
Piong/P short With e/d is also small for hinged columns. Thus if the strength 
of a long column is expressed as the product of the short column strength and 
of a reduction coefficient, the reduction coefficient has to account only for the 
effects of (/d, ratio of end eccentricities e1/e2 and end restraints. The other 


variables are accounted for in the expressions for the strength of short 
columns. 


Restrained vs. Hinged Columns 


A comparison between the ultimate strength of hinged and restrained 
columns can be based on the eccentricities determined from the fixed end 
moments, from the moments at failure or from the moments determined by 
an elastic analysis. 

A comparison based on the eccentricity determined from the fixed end 
moments can be made on the basis of ultimate load graphs. A comparison 
based on the eccentricity at failure is impractical because such an eccen- 
tricity depends on the relative stiffness of columns and beams. The stiffness 
of beams is approximately constant and independent of the loading conditions, 
but the stiffness of the column varies with the magnitude of moment and load, 
Therefore the ratio of the stiffness of columns to that of beams cannot be de- 
termined readily. 

A comparison based on the eccentricity determined from an elastic analy- 
sis is the most useful one because elastic analysis is used in the current de- 
sign procedures for the determination of moment M and load P carried by the 
column. The eccentricity is then computed as M/P. The magnitudes of mo- 
ment M and load P depend on the assumed relative stiffness of the column and 
of the restraining members. The assumed stiffness is a function of the modu- 
lus of elasticity, the moment of inertia and the length of the member. The 
modular ratio is assumed constant and usually equal to 30,000/f, and the 


moment of inertia is computed for full cross-section without consideration of 
the reinforcement. 


Effect of End Restraint 
A comparison between hinged and restrained columns based on the eccen- 
tricity determined from an elastic analyses is presented in Fig. 5e. The ec- 


centricities for Fig. 5, referred to as the reduced eccentricities er, were de- 
termined as 


+a 


ey = reduced eccentricity determined by elastic analysis 


| 
a 
where 


REINFORCED CONCRETE COLUMNS 
€, = initial eccentricity based on fixed end moment 
196.2 


a col = T eae ; column stiffness 
a = assumed coefficient of end restraint. 


The corresponding ultimate loads were then found in the corresponding graphs 
of ultimate loads for restrained columns.(7) 

It can be seen in Fig. 5e that the reduction of strength decreases with in- 
creasing coefficient of end restraint. Accordingly, if the chosen coefficient 
of end restraint is equal to the actual one existing in the structure, the ulti- 
mate strength of a restrained column is always higher than the strength of 
the corresponding hinged column computed with the reduced eccentricity. 

In addition to the effect of end restraint, Fig. 5 includes also curves show- 
ing the effect of concrete strength, percentage of reinforcement, eccentricity 
ratio er/d and creep on the ratio of Pjong/Pshort- It can be seen, that for 
practical ranges of values, all of these elects are small; the only exception 
are the e;/d ratios larger than about 0.5. 


Error in Assumed End Restraint 

If the coefficient of end restraint used in the calculations is larger than the 
actual one, the restrained column is weaker than indicated by calculations. 
The error in the assumed coefficient of end restraint may come from two 
sources: (1) The estimation of the stiffness of the restraining members, 
(2) the cosine wave assumption with respect to the rotations at the ends of the 
column in an elastic analysis. The effect of an error in the assumed end re- 
straint on the reduction coefficient is shown in Fig. 5f. It is assumed in this 
figure that the estimated coefficient of end restraint is twice the actual value. 
It can be seen that even in this case the ultimate strength of a restrained 


column is higher than the computed strength of the corresponding hinged 
column. 


Effect of Plastic Hinges 

The analyses of strength of restrained columns, used in connection with 
this paper, is based on the assumption that the column fails before the forma- 
tion of plastic hinges in the restraining members. It has been shown in the 
preceeding subsections that ultimate capacity of restrained columns is always 
higher than the strength of hinged columns with the eccentricity determined 
from an elastic analysis. If, however, plastic hinges form in the restraining 
members before the column fails, the coefficient of end restraint and the ulti- 
mate strength of the column is decreased. 

Plastic hinges form in the restraining members when the stress in the 
tensile reinforcement reaches the yield point. At further increases of end 
rotations the moment resistance of the restraining members remains ap- 
proximately constant: thus plastic hinges in the restraining members change 
the behavior of the column from that of a restrained column to that of a 
hinged column. The eccentricity of the load is equal to M/P where M is the 
moment resistance of the plastic hinge. 

It can be shown that in reinforced concrete structures designed according 
to an elastic analysis the elastic M/P ratio usually is not much different from 


* For the usual design assumptions EI = 83.33 f° bd3; and fr" = 0.854. 
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the M/P ratio at the formation of plastic hinges. Thus it may be stated in 
conclusion that, regardless of the presence or absence of plastic hinges, the 
strength of a restrained column may be evaluated safely as the strength of a 


hinged column with the reduced eccentricity determined from an elastic 
analysis. 


Approximate Reduction of Strength Caused by Slenderness 


It has been shown in the previous section that it is safe to evaluate the 
strength of a restrained column as the strength of a corresponding hinged 
column. Neglecting the effects of end restraints permits a further simplifi- 
cation of the reduction coefficient: it needs to be expressed only as a function F 
of the slenderness ratio {/d and of the ratio of end eccentricities e1/e9. . 

The reduction of the strength with increasing slenderness is shown in 
Fig. 3f for short and long time loading of columns having concrete strength of 
4000 psi, the ratio of reinforcement of 0.02, the yield point of steel of 50,000 
psi and the eccentricity ratio of 0.20. The parameters were chosen so as to 
give the largest reduction of column strength which is apt to be encountered 
in the design. The design reduction coefficient is based on the dashed line 
approximating the theoretical curve for long time loading in Fig. 3f. 

If the calculations of the ultimate strength of eccentrically loaded columns 
are based on the initial eccentricity, the strength is reduced even for very 
short columns. It can be seen in Fig. 3f that for slenderness ratio (@/d = 5 
the ultimate strength is equal to 95 percent of the theoretical value for (/d = 
0 and for slenderness ratio (/d = 10 the ultimate strength is decreased to 
84 percent. If then it is desired to design columns for slenderness ratios 
equal to or smaller than 10 on the basis of the initial eccentricity and the 
short column strength, the equations for the short column strength should be 
based on the theoretical strength of columns with (/d = 10, This is indicated 
in Fig. 3f by the horizontal dashed line at Plong/ Pshort = 0.84. 

For columns with (/d larger than 10, the decrease of the ultimate strength 
may be accounted for as is indicated in Fig. 3f by the sloping dashed line. 
Since the value of the reduction coefficient for columns with (//d = 0 - 10 
should be equal to 1.0, the equation of sloping dashed line is 


Piong_ 


= 1.0 - 0.03a £ 1.0, (1a) 


short 


where a is a dimensionless parameter accounting for the effects of slender- 
ness ratio and the ratio of end eccentricities. The dashed line, representing 
the case of equal end eccentricities, corresponds to: 


It can be seen in Fig. 3e that the case of equal end eccentricities requires 
the largest reduction. The Pjong/Pshort curves for various ej/e2 ratios may 
be approximated by parallel straight lines. The distance between the straight 
lines is a function of the ratio e1/e2 and of the ratio e2/d. Neglecting the 


effect of e2/d, the following value of the dimensionless parameter gives a 
safe value of the ratio Pjong/Pshort: 


a=—- 10, 
d 
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£ 
15 + 5 
a e, (1b) 
Combining Eq. la and 1b, the reduction coefficient for the design of eccen- 
trically loaded slender reinforced concrete columns may be written in the 
following form: 


e 
1.85 6,032 0.15 5 1.6 (2) 
da e 


Piong_ = 


Pshort 


where Pjong = ultimate strength of a long eccentrically loaded column 
Pshort = ultimate strength of the corresponding short column 
{ = length of column 
d = total depth of column 
ej = numerically smaller end eccentricity 
e2 = numerically larger end eccentricity 


It should be noted that for columns with equal end eccentricities, i.e., 
e1/e2 = 1.0, the reduction coefficient given by Eq. 2 is: 


Pong 2 


= 0.034, 
P 


short 


which is identical with the reduction coefficient given in the current ACI 
Building Code. (8) 

The range of short columns may be obtained from Eq. 2 by placing Piong/ 
Pshort = 1.0. It can be seen that this range increases with decreasing ratio 
of end eccentricities. For equal end eccentricities, the range is the same as 
given by the current ACI Building Code, (6) i.e., up to (/d = 10 no reduction is 
required due to slenderness. For ej/eg = 0, the upper limit for short 
columns is (/d = 15 and for equal and opposite eccentricities it is (/d = 20. 

Equation 2 may be used for concentrically loaded columns after placing 
e;/e2 = 1.0. 


Effect of Transverse Loading 


If one or more transverse loads are applied to the column, the maximum 
moment is increased and the buckling strength is decreased. Comparisons of 
the theoretical ultimate loads with tests of columns subjected to combinations 
of an axial and a transverse load applied at mid-depth(1) indicated that it is 
sufficiently accurate to compute the strength of such columns as for eccen- 
trically loaded equivalent columns. The equivalent column has the same di- 
mensions as the original one but it is subjected to eccentric load equal in 
magnitude to the axial load and causing the same maximum moment as the 
transverse load, 

For a single concentrated transverse load H applied at mid-depth, the 
equivalent eccentricities are the same at both column ends and are equal to: 
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(3) 


where e = equivalent eccentricity 
H = transverse load applied at mid-depth 

= column length 

P = axial load 


Design Procedures 


Two approximate design methods are presented in this section. One isa 
working load procedure and the other an ultimate load procedure. In both 

methods the column load is computed as the product of the short column load 
and the reduction coefficient given by Eq. 2 with the end eccentricities deter- 
mined from an elastic analysis of the structure. 


Working Load Design 


The allowable load for short reinforced concrete columns may be com- 
puted from formulas in Sections 1103, 1104, and 1109 of the current ACI 
Building Code.(6) The allowable load for a long column may be obtained by 
multiplying the allowable load for the corresponding short column by the re- 
duction coefficient given by Eq. 2. It should be noted that for columns with 
equal end eccentricities, including the axially loaded columns, this procedure 
is identical with that in Section 1107 of the current ACI Building Code;(§) the 
only difference is the absence of a limit on slenderness for eccentrically 
loaded columns discussed in the later portion of this paper. For columns 
with unequal eccentricities, the procedure presented herein is less conserva- 
tive than that in the current ACI Building Code. 

The working load procedure is compared with the ultimate test loads for 
46 concentrically and 79 eccentrically loaded hinged columns in Fig. 6 and in 
Tables 1 and 2. The test data are the same as those discussed and summa- 
rized in connection with the theoretical analysis of hinged columns.(1) The 
original test data may be found in References 14 through 19. 

The ratios of the test to the design load, given in Tables 1 and 2 and 
plotted in Fig. 6 as functions of the slenderness, represent the actual factors 
of safety. It can be seen that for any one value of the slenderness, the factor 
of safety varies considerably and is consistently higher for concentric load- 
ing. The smallest ratios Ptest/Pdeg are 1.51, 1.85 and 1.96; all of these 
correspond to the e/d = 0.666. All other factors of safety exceed the value of 
2.0; they increase consistently as e/d decreases. For e/d = 0.833, the only 
eccentricity higher than 0.666, the factor of safety varies from 2.59 to 3.58. 
All of these variations are caused primarily by the formulas used for com- 
puting the allowable load on the short column. 

The effect of the slenderness on the factor of safety can be seen in Fig. 6 
for the test columns and the theoretical effect is shown in Fig. 7. In the 
range of (/d = 10 - 25 the effect is small and beyond (/d = 30 the factors of 
safety increase very rapidly. This is because the reduction coefficient is a 
straight line equal to zero at (/d = 43.3.* 


* For e1/e2 = 1.0 for unequal end eccentricities this value is higher. 


e = 

4p = 

q 
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The factor of safety for columns may be compared with the factor of 
safety for beams shown in Fig. 7 as a horizontal dashed line. For steel with 
a yield point of 50,000 psi the allowable unit stress is 20,000 psi and the fac- 
tor of safety for beams is approximately 2.5. It can be seen in Fig. 7 that the 
factor of safety is higher for columns than for beams as long as the eccen- 
tricity ratio e/d is smaller than 0.7, Thus the procedure presented herein 
must be limited to eccentricity ratios smaller or equal to 0.7. This limit is 
approximately the same as that included in the current ACI Building Code. (6) 


Ultimate Load Design 


® For very short columns, i.e., columns with the maximum eccentricity at 
failure equal to the initial eccentricity, the ultimate strength may be com- 
puted from Eq. A7 through A13 in the Appendix of the ACI Building Code.(6)** 
If however, the maximum eccentricity at failure is larger than the initial 
eccentricity, the short column strength is reduced. For slenderness ratios 
not exceeding (/d = 15 - 5 e1/e9, the column strength may be computed 
safely as the product of the value given by the Eq. A7 through Al3 and 0.84. 
The ultimate strength of long columns may then be computed as the product 
of the value given by Eq. A7 through Al3 quoted above, of 0.84 and of the re- 
duction coefficient given by Eq. 2 in this paper. 

The numerical reduction factor 0.84 accounts for the effect of the increase 
of the eccentricity due to lateral deflections. Since in most short columns 
deflections cause some decrease of the ultimate strength, it is logical and 
most convenient to include the factor 0.84 into the load factor for column 
loads. In other words, if the design of short columns is based on the initial 
eccentricity, the load factor for columns should be larger than that for 
beams. Furthermore, a higher load factor is desirable for columns also be- 
cause of the differences in modes of failure; a ten percent increase is con- 
sidered satisfactory for this purpose. Thus for a design based on the initial 
eccentricity and the ultimate strength equations not accounting for the deflec- 
tions caused by load, the load factor for columns should be approximately 30 
percent higher than for beams. 

The ultimate strength of members designed according to the provisions of 
the Appendix to the ACI Building Code(6) is governed by the following load 
factor equations: *** 


U = 1.2B+ 2.4L (4a) 
U = K(B + L) (4b) 


U = ultimate strength capacity of section 


B = effect of basic load consisting of dead load plus volume change 
due to creep, elastic action, shrinkage, and temperature 


L = effect of live load plus impact 


K = load factor equal to 2 for columns and members subjected to 
combined bending and axial load, and equal to 1.8 for beams and 
girders subjected to bending only. 


** The same equations may be found in Reference 20. 
*** Equations 4 are applicable when effects of wind and earthquake loading 
can be properly neglected. 
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For the loading conditions given by Eq. 4a the load factor is the same for 
columns and for beams. For the loading conditions given by Eq. 4b the load 
factor for columns is approximately 11 percent higher than for beams. 

It has been pointed out that for a design based on initial eccentricity the 
load factors governing the design of columns should be 30 percent higher than 
the load factors for beams. The following load factor equations satisfy this 
requirement; 


U = K(1.2B + 2.4L) (5a) 
U = 1.8K (B + L) (5b) 
where 


K = numerical factor equal to 1.3 for columns and members subjected 
to combined bending and axial load, and equal to 1.0 for beams 
and girders subjected to bending only. 


The ultimate strength of short columns (f/d = 15 - 5 e1/e2) designed with 
the aid of the load factor Eq. 5 may be computed safely from Eq. A7 through 
A13 and the initial eccentricity. The ultimate strength of long columns may 
then be computed as the product of the short column strength and the reduc- 
tion coefficient given by Eq. 2. 

Computed ultimate loads are compared with test results in Fig. 8 and in 
Tables 1 and 2. The computed ultimate loads were determined as the product 
of the short column strength and the reduction coefficient given by Eq. 2. The 
short column strength of concentrically loaded columns was determined from 
Eq. A6. The short column strength of eccentrically loaded columns was de- 
termined by both alternate procedures given in the Appendix to the ACI 
Building Code: (1) from Eq. A7 through A10 and (2) from Eq. A7 through A9 
and All. Figure 8 is based on the first procedure. 

It can be seen in Fig. 8 that for most columns with (/d ratio smaller than 
30 the test values of ultimate load are between 0.84 and 1.5 times the com- 
puted value. Only three columns fall below the dotted line representing the 
load ratio of 0.84 and none exceeds the value of 2.0. This relatively narrow 
range of values is in sharp contrast with the wide scatter in a similar com- 
parison for working load design shown in Fig. 6. 

It has been pointed out in the preceding text that the ultimate strength of 
short columns may be computed safely with the initial eccentricity as the 
product of the ultimate strength Eq. A7 through All in the Appendix to the 
ACI Building Code(6) and 0.84. The points below the dashed line in Fig. 8 
represent columns which failed at a load lower than the computed one. It can 
be seen in Fig. 8 that only three columns failed at a load lower than the one 
calculated by this procedure. 

If, however, the factor 0.84 is not included in the design calculations, the 
points in Fig. 8 located below Pregt/Pyjt = 1.0 represent columns which failed 
at a load lower than the calculated one. An inspection of Fig. 8 and of the last 
two columns in Table 2 shows that Pregt/Pyjt is smaller than 1.0 fairly fre- 
quently especially if the short column strength is computed from Eq. A7 
through A9 and All (last column in Table 2), 

Similarly as the working load design, the load ratio is almost unaffected 
by the slenderness in the range of 10 to 25, but increases sharply with slen- 
derness for (/d larger than 30. Accordingly, the safety factor, computed as 
the ratio of the theoretical ultimate load for a hinged column(!) to the work- 
ing load (B + L),* also increases rapidly beyond (/d larger than 30. This is 


* The working loads (B + L) were computed from Eq. 5b taking the ultimate 


{ | 

is 
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illustrated in Fig. 9 for one set of design conditions; only the eccentricity 
ratio e9/d = 0.20 is shown, because the variation of the factor of safety with 
the eccentricity ratio e2/d is small. Figure 9 includes also a horizontal 
dashed line representing the factor of safety for beams. 


Deflections 


The design procedures presented in the preceding sections are based on 
the consideration of the ultimate strength and are, therefore, safe from the 
standpoint of load capacity. However, proper functioning of a column does not 
depend necessarily on the strength only: excessive deflections at working 
loads may also limit the usefulness of an eccentrically loaded column. 

Lateral column deflections increase with the slenderness ratio and eccen- 
tricity as is shown in Fig. 10 for hinges columns subjected to short time load- 
ing. It can be seen that for the set of conditions chosen for Fig. 10, combina- 
tions of large slenderness ratios and large eccentricities may result in 
working load deflections in excess of the tolerable magnitude. It should be 
noted, however, that the curves in Fig. 10 are theoretical values for hinged 
columns based on a factor of safety of 2.0. Since reinforced concrete columns 
are always restrained at the ends and since the end restraints are certainly 
effective at working loads, the actual deflections are substantially smaller 
than those shown in Fig. 10, Furthermore, for large slenderness the factor 
of safety increases rapidly above the nominal value. Thus, in usual applica- 
tions excessive deflections are unlikely so that no limitations are necessary 
on either the slenderness ratio of the column or on the eccentricity of the 
load, 


SUMMARY 


1. The simplified design procedure for long reinforced concrete columns 
presented in this paper was developed on the basis of theoretical analyses of 
the strength of hinged and restrained columns subjected to concentric and 

eccentric loads. 


2. The simplified design procedure involves the short column strength, 
the eccentricity of load computed by an elastic analysis and a reduction coef- 
ficient. It may be used both with a working load design and with an ultimate 
load design. 


3. The proposed reduction coefficient is based on the strength of hinged 
columns; it accounts for the effects of slenderness ratio and the ratio of end 
eccentricities. For columns with equal end eccentricities it is the same as 
the reduction coefficient included in the current ACI Building Code, (6) but it 
calls for smaller reductions in columns with unequal end eccentricities. 


4. The limit of (/d = 20 for eccentrically loaded columns included in the 
current ACI Building Code(6) does not appear necessary. 


5. The proposed design procedure was checked against the test data for 
125 concentrically and eccentrically loaded columns and was found to give 
safe designs. 


strength capacity of the section, U, as the product of Eq. A7 through A10, 
0.84 and the reduction coefficient given by Eq. 2. 


a 
q 
at 
| 
| 
q 
i 
4 
‘ 


1694-12 ST 4 July, 1958 
ACKNOWLEDGMENTS 


The development of the design procedure presented in this paper was car- 
ried out as a part of a cooperative investigation conducted in 1954-1956 by 
the Engineering Experiment Station of the University of Illinois under the 
auspices and sponsorship of the Reinforced Concrete Research Council of the 
Engineering Foundation. The paper is based on the doctoral dissertation of 
the senior author.(13) 


REFERENCES 


1. B. Broms and I. M. Viest, “Ultimate Strength Analysis of Long Hinged 
Reinforced Concrete Columns,” submitted for publication in the Journal 
of the Structural Division, ASCE. 


2. “Building Regulations for Reinforced Concrete (ACI 501-36-T),” Journal 
of the American Concrete Institute, March-April 1936, Proc. Vol. 32, 
407-444. 


3. “Building Regulations for Reinforced Concrete (ACI 318-41),” American 
Concrete Institute, 1941. 


4. “Building Code Requirements for Reinforced Concrete (ACI 318-47),” 
Journal of the American Concrete Institute, September 1947, Proc. Vol. 
44, pp. 1-64. 


5. “Building Code Requirements for Reinforced Concrete (ACI 318-51),” 
Journal of the American Concrete Institute, April 1951, Proc. Vol. 47, 
pp. 589-652. 


6. “Building Code Requirements for Reinforced Concrete (ACI 318-56),” 
Journal of the American Concrete Institute, May 1956, Proc. Vol. 52, 
pp. 913-986. 


7. B. Broms and I. M. Viest, “Ultimate Strength Analysis of Long Restrained 
Reinforced Concrete Columns,” prepared for publication in the Journal of 
the Structural Division, ASCE. 


8. L. Euler, “De Curvis Elasticis, Additamentum I, Methodus Inveniendi 
Lineas Curvas Maximi Minimive Proprietate Gaudentes,” Lausanne and 
Geneva, 1744, pp. 267-268. 


9. F. Engesser, “Ueber die Knickfestigkeit gerader Stabe,” Zeitschrift d. 
Arch, -u. Ing. - Ver. zu Hannover, Vol. 35, Hannover, 1889, p. 455. 


10. Ts ve Karman, “Untersuchungen uber Knickfestigkeit,” Mitteilungen uber 


Forschungsarbeiten auf dem Gebiete des Ingenieurwesens, No. 81, Berlin, 
1910. 


11. H. M. Westergaard and W. R. Osgood, “Strength of Steel Columns,” Trans- 


actions of the American Society of Mechanical Engineers, Vol. 50, 1928, 
pp. 65-80. 


12. E. Hognestad, “A Study of Combined Bending and Axial Load in Reinforced 
Concrete Members,” University of Illinois Engineering Experiment Sta- 
tion Bulletin No. 399, Urbana, 1951. Also published as Bulletin No. 1 of 
the Reinforced Concrete Research Council of the Engineering Foundation. 


ASCE REINFORCED CONCRETE COLUMNS 1694-13 


13. B. Broms, “Ultimate Strength of Long Reinforced Concrete Columns,” 
Ph.D. Thesis, Department of Theoretical and Applied Mechanics, Uni- 
versity of Illinois, June 1956. 


- O. Baumann, “Die Knickung der Eisenbeton- -Saulen,” Eidg. 


Materialprufungsanstalt an der E.T.H. in Zurich, Bericht No. 89, 
Zurich, 1934. 


. F. G. Thomas, “Studies in Reinforced Concrete, VII. The Strength of Long 
Reinforced Concrete Columns in Short Period Tests to Destruction,” De- 
partment of Scientific and Industrial Research, Building Research Techni- 
cal Paper No. 24, London, 1939. 


. R. Hanson and S. Rosenstrom, “Tryskforsok med slanka betongpelare,” 
Betong, Vol. 32, No. 3, Stockholm, 1947, pp. 247-262. 


. B. J. Rambgll, “Reinforced Concrete Columns,” Teknisk Forlag, 
Copenhagen, 1951. 


W. Gehler and A. Hutter, “Knickversuche mit Stahlbetonsaulen, ” Deutscher 
Ausschus fur Stahlbeton, No. 113, Berlin, 1954. 


. G. C. Ernst, J. J. Hromadik and A. R. Riveland, “Inelastic Buckling of 
Plain and Reinforced Concrete Columns, Plates and Shells,” University 
of Nebraska Engineering Experiment Station Bulletin No. 3, Lincoln, 1953. 


. “Report of ASCE-ACI Joint Committee on Ultimate Strength Design,” 
Proceedings of the American Society of Civil Engineers, Vol. 81, Paper 
No. 809, 1955. Also see Journal of the American Concrete Institute, 
January 1956, Proc. Vol. 52, pp. 505-524. 


| ‘ 
a 
a 


Specimen 


Slenderness Working Load Ultimate Load 


52.1 
22.9 
23.5 
23.2 
52.7 
52.1 
17 

40.7 
40.4 


Hanson 


25.8 
25.6 
25.1 


15.0 
12.6 
12.7 
20.6 
19.9 
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TABLE 1 


Prest/ Paes Prest/Puit 


Baumann, 1930-1933!4 


8.90 2.19 
228 1.04 
6.15 1.49 
6.5 1.55 
10.2" 2.44 
9.75 2.50 
6.08 1.45 
6.44 1.51 
31.06 6.81 
19.72 


and Rosenstrom, 1945-4616 


€.85 
7.57 1.70 
6.82 


Rambg1l, 1949-502” 


4.18 

5.42 1.22 

5.04 1.13 

5.03 1.15 
5-41 22 

4.40 0.98 


8.27 
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a 
q 
1 
I 
III 
Va 
vI 
VIa 
VIII 
VIIle 
3 
15 
Thomas, 193815 
el 14.7 5.28 1.28 
Ice 20.7 6.03 1.44 4 
la > 
2a 
3a 
13 13.0 
14 
15 
16 
27 
28 
33 30.1 — 1.85 
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TABLE 1 (Cont.) 


Slenderness Working Load Ultimate Load 
Specimen 4/4 Pp /P 


Pees des test’ ult 


" 
Gehler and Hutter, 1940-42 & 1951-s2! 


40.0 21.73 
25.23 

50.0 7.86 
7.86 

25.0 7.5C 

20.0 5.91 
6.70 

15.0 5.96 
5.67 

40.0 19.29 
20.68 

40.0 13.55 
17.358 

40.0 15.15 
15.26 

350.0 7244 
7.16 

50.0 6.57 
6.90 

50.0 6.68 
6.68 


Ernst, Hromadik and Riveland, 


4.38 
6.24 
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4 q 
2 Ta 5.98 q 
Ib 1.70 
1.76 
Ic 1.69 
1.82 
Id 1.34 j 
1.52 a 
Ie 1.35 | 
ek 
Ila 4.90 
5.25 
2 3.14 j 
3 3.99 
3.50 
4 1 . 6 R 
1.62 
1.45 
x 1.53 
1.47 
1 15.0 1.02 
2 25.0 1.45 
J 
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TABLE 2 


ECCENTRICALLY LOADED COLUMNS 


Slenderness 
4/4 


a 


g Load 


Ultimate Load Prost/Puit 
Eq. A7-A10 Eq. A7-AQ9, 
All 


Prest/Pdes 


» 

§ 
om 


Baumann, 1930-19334 


Workin 


0.0835 6.09 
0.083 5.20 
0.166 3.34 
0.166 4.64 
0.166 14.58 
0.166 5.68 
0.166 4.04 
0.166 15.21 
0.333 2.81 
0.3533 3.03 
0.3533 8.00 
0.333 2.68 
0.333 2.57 
0.166 3.94 
0.166 4.12 
0.166 5.95 


Thomas, 193815 


0.005 5.51 
0.005 6.351 
0.027 4.05 
0.037 4.84 
0.042 5.12 
0.047 6.75 
0.027 4.15 
0.037 5.60 
0.042 5.74 
0.017 5.66 
0.056 9.3 

0.056 9.15 


Ia 32.1 1.57 1.51 § 
IIIa 22.8 1.33 1.28 
5 25.9 1.24 1.09 re 
6 40.7 4.07 3.57 
7 53.7 0.98 0.90 
9 40.2 3.94 3.55 hae 
10 0.77% 0.69 
11 25.7 0.89% 0.75 
12 40.2 2.16% 1.86 
13 11.8 0.75 0.66 
14 25.7 0.69% 0.58 wef 
19 24.7 1.05 0.94 NA 
26 12.6 1.10 0.98 = 
32 12.6 1.04 0.96 ey 
Ic3 23.7 1.31 1.29 
26.7 1.54 1.52 
ics 14.7 1.02 1.00 
20.7 1.18 
23.7 1.29 1.25 
26.7 1.71 1.66 
Iel2 1.04 1.02 = 
20.7 1.42 1.39 
1c10 23.7 1.47 1.43 . 
LCOR 26.7 1.42 1.39 
PLC1 33.1 2.37 1.80 
PIC2 33.1 2.30 1.76 - 


Specimen 


Slenderness 
4/a 


REINFORCED CONCRETE COLUMNS 


TABLE 


/a 


Ratio eo 


» 
» 
o 
oO 


Hanson and Rosenstrom, 1945-462 


0.166 
0.166 
0.166 


2 (Cont.) 


Working Load 


4.60 
5.94 
5.86 


Ultimate Load 
Eq. A7-A10 


1.2 
1.12 
1.12 


Rambg1l, 1949-502” 


0.085 
0.085 
0.166 
0.166 
0.535 
0.535 
e666 
0.666 
0.8335 
«855 
0.166 
0.553 
O. 666 
0.855 
0.035 
0.166 
0.666 
0.553 
0.853 


4.85 
4.57 
4.76 
5.07 
5.90 
4.11 
1.85 
1.96 
2.65 
2259 
5.62 
5.06 
1.51 
2.86 
6.40 
4.47 
5.02 


3.58 


" 
Gehler and Hutter, 


15.0 
20.0 


50.0 


0.0376 
0.051 


0.075 


4.89 
4.635 
4.91 
4.56 
6.11 
5.69 


1.2 
1.17 
1 
1.40 
1.19% 
1.28% 
1.30% 
1.44% 
1.48% 
1.00 
0.90% 
1.21% 
1.62% 
1.62 
1.23 
0.894 
1.70% 
1.95% 


1951-195248 


1.15 
1.21 
1.12 
1.54 
1.45 


Pest’ ult 


Ea. A7-A9, 
All 


n 
1b 25.8 1.15 
2b 25.6 0.98 
3b 25.1 0.95 
i 17 13.0 1.18 
18 12.8 1.12 7 
19 13.0 
ia 20 12.9 1.30 | 
22 12.8 1.12 
23 12.8 1.28% 
24 12.8 1.30% 
25 12.8 1.44% 
26 13.1 1.48% 
29 20.1 0.93 
32 20.4 1.62% & 
4 34 20.6 1.54 
35 29.9 1.15 a 
36 30.1 0.82 | 
37 29.6 1.70% 
38 29.6 | 1.95% 
7 1.18 
1.12 
8 1.16 | 
1.08 
1.37 
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TABLE 2 (Cont.) 


re © 3.3 P 
Specimen § Ultimate Load tes ult 
EN Eq. A7-A10 Eq. AT-A9, 
a om 
" 18 
Gehler and Hutter, 1951-1952 (cont. ) 
10 40.0 0.101 20.20 5.74 3.56 
2.00 4.07 5.88 
pel 15.0 0.075 6.54 1.18 1.13 
6.88 1.23 
12 20.0 0.101 4.51 1.15 1.08 
4,60 heat 1.10 
13 30.0 0.150 4.99 1.30 1.21 
5.07 1.32 1.235 
14 40.0 0.201 16.11 4.26 4.03 
14.44 3.82 3.61 
15 15.0 0.113 6.25 1.21 1.15 
6.82 1.2 
16 20.0 0.152 4.18 1.10 1.04 
4.85 1.28 1.2 = 
17 30.0 0.225 56 1.44 1.32 
4.75 1.27 1.17 | 
18 40.0 0.302 15.67 4.20 3.85 a 
15.07 4.04 3.70 aaa 


Ernst, Hromadik and Riveland, 195219 


15.0 0.125 4.51 1.14 
8 25.0 0.125 5.41 1.45 1.54 
a 15.0 0.250 3.93 1.12 1.01 
12 25.0 0.250 4.01 1.15 1.04 


25.0 0.375 3.14 


0.93 


# Tension equation zoverns; in all other cases compression 
equations govern the computed load. 


q 
q 
a 
13 | 0.83 
x 
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FIG 2 EFFECTS OF VARIABLES ON ULTIMATE LOADS 
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FIG. 10 THEORETICAL DEFLECTIONS OF HINGED COLUMNS AT WORKING LOADS 
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STRUCTURAL DYNAMICS IN EARTHQUAKE-RESISTANT DESIGN@ 
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SYNOPSIS 


Recent research efforts utilizing high-speed digital computers and electric 
analogs have indicated vast differences between design and code values for 
structures and their actual earthquake shears and behavior. This paper at- 
tempts to reconcile these differences with the aid of comprehensive structural 
and dynamic analyses and research efforts on two office buildings—one the 
traditional filler-wall type and the other a modern glass-wall structure. In- 
cluded are strengths, rigidities, and energy-absorption values for the former 
building under various distortions up to failure and also the results of a 
comprehensive series of analog tests for the modern 20-story structure using 
four complete earthquake records with 16 various systems of damping and 
rigidity values. Certain inconsistencies and pitfalls in present-day design 
practice are demonstrated and new considerations are suggested for resisting 
the occasional but extreme energy releases of Nature. 


INTRODUCTION 


In recent years there have been several investigative efforts wherein given 
vibrating systems were subjected to the actual and complete motion of de- 

structive earthquakes as recorded by the Seismological Division of the U. S. 
Coast and Geodetic Survey, (1) In most of this analysis, which has been made 
economically feasible with high-speed calculating equipment and electric ana- 
logs, a single-mass system has been assumed(2,3,4) and in some cases multi- 
° mass systems dynamically representing buildings of several stories have 
been used.(5,6,7,8) This research has led to further information about the 


Note: Discussion open until December 1, 1958. To extend the closing date one month, 
a written request must be filed with the Executive Secretary, ASCE. Paper 1695 
is part of the copyrighted Journal of the Structural Division, Proceedings of the 
American Society of Civil Engineers, Vol. 84, No, ST 4, July, 1958. 

a. Presented at a meeting of the ASCE, New York, N. Y., October, 1957. 


1. President, John A. Blume & Associates, Engrs., San Francisco, Calif. 
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dynamic response of hypothetical and existing structures to actual earthquake 
motion. It has also confirmed the importance in the seismological design 
problem of damping, period, velocity, and other dynamic considerations. 

Engineering seismology has come a long way since the “force-equals- 
mass-times-acceleration”, the “dominant-period”, and the “simple-sinusoidal- 
motion” concepts were the only approaches to design. However, the acceler- 
ations and shears obtained with modern computing techniques and also the ac- 
celerations recorded on ground and in structures during strong-motion earth- * @ 
quakes are so much greater than those called for by modern codes and normal 
engineering procedures that the inquisitive engineer and the research worker 
are perhaps more bewildered than before. The confusion is heightened when 
customary analysis procedures yield a value of less than 1% of gravity for a 
building that withstood, with no major structural damage, one of the worst 
earthquakes in the recorded history of the world.(9) The problem was made 
more critical when buildings in the Los Angeles area suffered “non-structur- 
al” damage from the 1952 Kern County earthquake some 75 miles away. (10) 

There are still so many paradoxes and so many anomalies in the subject of 
earthquake resistance that it must be concluded that there is a whole world of 
missing links, a world that is either avoided or not fully recognized. It is 
proposed to herein examine this situation and to attempt to reconcile some of 
these apparent paradoxes; to investigate, no matter how complex, reasons why 
two similar structures may have entirely different degrees and types of re- 
sistance to moderate and to severe earthquakes. 

The writer has delayed writing on this subject because of the feeling that 
some concepts might lack rigorous proof. However, there is a pressing need 
for more information about the way our structures react structurally and dy- 
namically to the great disturbances of Nature. The concern about lack of 
rigorous proof is also reduced in part by the fact that many efforts in this 
complex field do not have general application as may be assumed from the 
mathematical treatment. Often the necessary assumptions, which support the 
mathematics, lack depth and have a considerable effect on the results and 
conclusions. As we await additional knowledge from future earthquakes and 
research, billions of dollars of new structures are being created. The basic 
and sound philosophy under engineering procedure is to gather all pertinent 
facts and to consider and evaluate these completely before arriving at con- 
clusions. This procedure has not always been followed in the earthquake field 
because (1) the problem is extremely complex; (2) not all facts have been, or 
are now, available; (3) not all facts have been recognized, largely because of 
traditional procedures and empirical results; and (4) generalizations have 
sometimes been made without realization that certain data or conditions ob- 7 
served may not apply to all structures. 


Present Seismic Codes and Design Practice—General Considerations 


Structural designers generally thinkin terms of weight and strength of ma- 
terials but their concept of strength is still largely confined to “safe” or 
“basic” unit stresses, which are prescribed by building codes or other design 
criteria. The codes generally permit a 33-1/3% increase in basic unit stres- 
ses for occasional lateral “forces” of wind or earthquake and designers eager - 
ly take advantage of these higher unit stresses to meet established design 
criteria. Modern seismic codes attempt to provide minimum, legal, static, 
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lateral forces which vary with the height or period of the building under con- 
sideration so as to approach a lateral loading, similar but not necessarily 
equal to that which may be expected in response to earthquake motion. Fig. 1 
illustrates shear values of two such codes for two different buildings. It also 
shows shear values obtained by other means including analysis and actual re- 
sponse. The traditional type building was erected long before either seismic 
code was in effect and yet its then non-calculated materials provide shear 
value as indicated in Fig. 1(a). The modern structure is lighter and more 
flexible yet its dynamic shears are considerable in a major earthquake. 

The great differences between code design requirements and recorded or 
computed accelerations and shears from major earthquakes do not necessarily 
mean that the codes are inadequate nor can these differences be accounted for 
merely with the reserve of unit stress value from 1-1/3 times basic to the 
failure point of materials. It would seem, however, that codes and design pro- 
cedures are not always in tune with Nature and that the results could be ex- 
tremely inconsistent. This follows from the philosophy that if one is not 
aware of all important factors in a situation one cannot properly provide for 
variations in those factors. 


Factors Which Have Not Been Generally Recognized 


A great deal of the apparent conflict between design practice, research, 
computation, and observation in aseismic design may be attributed to inade- 
quate recognition of one or more of the following factors: 


(1) The earthquake problem is one of dynamics involving mass, movement, 
velocity, acceleration, energy, and work. The forces, shears, and 
moments are a result of resistance to motion. Deflection is necessary 
but it must be controlled, 

(2) All materials that are subject to strain by the structure’s movement 
participate, not only as mass, but in energy absorption up to their point 
of failure. Even after reupture, some of these materials absorb more 
energy under continued earth movement by grinding and hammering to- 
gether and in finally being dislodged. 

(3) Because materials in both old and new structures vary in amount, 
character, and disposition over a wide range, observed results cannot 
be logically or safely applied in general to all structures. 

(4) Materials have many properties in addition to strength and “elasticity”. 
These various properties and their variations should be considered up 
to the point of rupture. 

(5) Severe earthquake accelerations can be many times code values. The 
resulting forces are not necessarily equal to mass times acceleration 
because of yielding and dynamic phenomena; however that approach to 
the problem has some uses in design. 

(6) Earthquakes have vertical movement as well as horizontal. The verti- 
cal motion may have considerable potency because the structure may 
be quite rigid vertically. Moreover, this vertical component may re- 
duce the weight of some element the weight of which has been relied 
upon in design to decrease tensile effects, or it may cause “vertical” 
damage leading to lateral failure. 

(7) Earthquake damage, unless exposed and fully repaired, can be cumu- 

lative from one earthquake to the next, regardless of the length of 
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intervening time. Plastering and painting cracked walls does not pro- 
vide structural repair. 


The Nature of Earthquake Motion 


Several earthquakes have been accurately recorded by the Seismological 
Division of the United States Coast and Geodetic Survey. (1) The ground 
motion, or what in some cases has been the ground motion as affected by 
building motion, is generally violent and chaotic and in all directions. It is 
possible, of course, with much labor, to reduce a complex accelerogram to a 
great many sinusoidal components which, when algebraically combined, ap- 
proach the recorded trace. The assumption of a single or a few sinusoidal 
motions, however, leaves a great deal to be desired as a sole means of earth- 
quake analysis. 

A simple analogy is to think of a structure as a ship at sea during a storm 
with an infinite combination of short period waves and long period swells. To 
this should be added reflected and refracted waves from many directions. 
However, for earthquakes one must deal not with a simple fluid like water, 
but a complex material that varies not only under and about the structure but 
also in the regions through which the waves approach the structure. 

Horizontal ground accelerations of over 30% g have been recorded at 
distances of 30 and 40 miles from the epicenters at corresponding periods of 
0.20 to 0.35 seconds. The March 1957 San Francisco earthquake, which was 
mild except very close to its epicenter, produced records showing 5% of 


gravity in the basement of a building located several miles from the epicenter. 


13% g was recorded at the roof level of the same 15-story building. (See Fig. 
1(a)). Generally, the greater the distance from the epicenter, the longer the 
wave periods and the less the acceleration. There have been, and will be, ex- 
ceptions to this. The possibility of resonant response cannot be ignored, par- 
ticularly for the more slender structures situated some distance from the 
epicenter of a major shock. The quasi-resonant response of shorter period 
structures or of the higher modes of slender structures to nearby earthquakes 
(with more energy in the shorter period waves) is possible also. It has been 
shown that even a few waves of similar but changing period and very little 
energy can excite a resonant building response, (11) The possibility of com- 
plete “tuning” with earthquakes is quite remote, however, because of the vari- 
able ground motion and the change in building frequencies and damping with 
amplitude. 

There is no reason not to expect horizontal and vertical ground acceler- 
ation near the epicenters of future major U. S. earthquakes in the order of 
50% or more of gravity at, say, 0.2 sec. period ranging down to 30% or more 
at 1.0 sec. period. Of course, there will also be earth waves of both shorter 
and longer periods. The effect of such motion on various types of buildings is 
a matter of “structural-dynamics”. 

This is not to imply that assumed design forces should approach such 
values, or even the above values divided by the material safety factors; nor is 
it to imply that acceleration is the only measure of destructability. It should 
indicate, however, that the static approach based only upon “mass times ac- 
celeration” and using only so-called structural ‘materials at code stresses 
cannot economically or consistently cope with the situation. Nor can the 
matter be dismissed on the basis of assumed damping values which no doubt 
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vary greatly from one building type to another and will also vary depending 
upon the building distortion and its history of previous distortions. 

The recorded history of damage and lack of damage with modern records 
and detailed analyses show that there is much more involved in the response 
and resistance of structures to earthquakes than the codes and present-day 
design practice generally take into account. 


The Nature of Structures 


A structure possesses structural and dynamic characteristics which are 
determined by the way all of its various parts participate in the whole system. 
The structural-dynamic elements of a building include its foundations, the 
ground below and around the foundations, the structural framework, the floors, 
stairs, walls, partitions, plaster—in short, everything that makes up the whole 
changes in some degree the overall characteristics of a building in its re- 
sponse not only to earthquakes but to windstorms, blast, even minor traffic- 
induced vibrations. 

Some structures, such as bridges, tank towers, or wharves, have no walls 
or partitions; others, such as small buildings, may have no framework. Some 
have X or K type bracing, some have rigid frames. The elements vary tre- 
mendously between structures and have different relative properties and 
values. Nature does not care which design office showed the building par- 
titions on the drawings nor which trade or subcontractor installed them. If 
they are attached to or bear against the building they contribute mass, rigidity, 
and damping which may or may not appreciably affect the dynamic and 
structural response characteristics of the building. 

It was not long ago when only the foundations and framework in a building 
were considered as “structural”. In fact, this is still the case in many parts 
of the United States except where earthquake, hurricane, or wind sidesway 
have caused engineers to consider walls as structural elements. In modern 
skyscrapers without traditional masonry or concrete filler walls, the matter 
of wind deflection must be carefully considered. The framework may be 
strong enough for an 80 or 100 mile per hour windstorm on the completed 
structure but will the building sway objectionably to human occupants under 
gusts of 50 miles per hour without the stiffness formerly provided by the non- 
structural elements? This is another problem involving the interdependence, 
regardless of design assumptions or tradition, of the many elements of a 
building. In detailed studies of a traditional pre-World War II San Francisco 
office building it was found that the non-structural elements such as fire- 
proofing, masonry walls, and stairs have a great deal to do with the dynamic 7 
properties of the building, (12) Their effect on the structural response will be 
considered below. 

It is no wonder in view of the many complications that the so-called finish 
or architectural elements have been largely ignored as parts of the structural- . 
dynamic system. Engineers and architects cannot continue to ignore them, 
however, and achieve agreement on objectives or consistently satisfactory 
buildings for earthquake, wind or blast resistance. As buildings become light- 
er with the greater use of glass and light-weight walls and partitions, design 
methods based upon the previous behavior of an entirely different type of 
construction must change. It is recognized that California and Japanese engi- 
neers have been including walls, floors, and roofs as structural elements in 
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earthquake resistance for over two decades. Progress has been made, but 
factors and elements are still being ignored which might explain the great 
variations between design shears and those obtained by structural-dynamic 
analyses using actual earthquake records. Any part of a structure which will 
be strained as the structure responds to Nature’s disturbances should be con- 
sidered not only as a potential hazard to life and to the investment, but also as 
a possible element of resistance if effectively utilized. 


The Nature of Building Materials 


In order to cope economically and consistently with actual (dynamic) earth- 
quake forces engineers should employ all available materials under all possi- 
ble degrees of stress and strain up to complete failure. Building materials 
have different properties, not only of strength and density, but of toughness, 
ductility, energy absorption, damping, fatigue resistance, etc. 

For a structure or a member to withstand violent abuse such as the impact 
and motion of a major earthquake it must, in the language of athletics or the 
military, “be able to take it”; it must be tough, and it must be well tied to- 
gether, to act as and to remain a unit. Toughness implies the ability to ab- 
sorb punishment and still retain integrity and resistance against additional 
punishment. If the toughness of a material be measured by the amount of work 
required to cause a unit volume of same to fail it is found that the work done 
or strain energy in the elastic range is very small for ductile materials as 
compared to that in the plastic range. Fig. 2 indicates in shaded area the 
work capacity of tough and brittle materials. For brittle materials, failure 
occurs more abruptly without the plastic strain which not only absorbs energy 
but also distributes the load in an indeterminate structure to other parts. 
Structural steel frames, particularly where of a rigid-frame type of con- 
struction, have generally had an excellent seismic record,(9) largely because 
of toughness. However, a building with a structural steel frame that cannot 
exert its toughness until the costly brittle materials have first failed may still 
be a poor risk economically. This is a design problem recognized by modern 
seismic codes in requiring relative rigidity calculations. These codes do not 
generally reflect the value of tough materials and indeterminate construction 
in preventing severe damage or collapse in the range of force and/or dis- 
tortion which can apparently be expected in a major catastrophe. The 1956 
San Francisco code, based upon the report of a joint committee of the San 
Francisco Section ASCE and the Structural Engineers Association of Northern 
California(13) does allow in small degree for the value of toughness in an 
emergency. 

The use of steel or other ductile and tough materials to impart such desira- 
ble properties in various degrees to less ductile materials is, of course, basic 
in seismic resistance. It is not necessary to discard a material that has low 
ductility providing it can be combined with ductile materials to create a com- 
posite material which will absorb energy and hold together. It is common 
practice, for example, to use steel reinforcement in concrete and in mason- 
ry(14 for aseismic construction and thus provide a composite material with 
strength and toughness. 

A material such as plate glass may have great strength but lack the ability 
to withstand much unit strain without sudden rupture. It would seem obvious 
that such glass should not be obliged to share in the distortion between the 
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floors of a building. If the structural elements of a building must deflect a 
certain amount to function either elastically under code stresses or in the 
plastic range which absorbs much more energy under severe conditions, the 
glass should be so mounted as to be secure and weather tight but not be 
strained under the necessary seismic movement. This is not always done, 
even in modern buildings. The March 1957 San Francisco earthquake, which 
was by no means a severe shock, caused glass breakage in various types of 
buildings including concrete buildings constructed under aseismic code re- 
quirements. (15 

Much has been written about damping in recent years in reference to the 
earthquake problem. All materials have some viscous damping value which 
is proportional to velocity and varies with strain. The term damping as used 
in relation to earthquake response in today’s technical literature implies not 
just the viscous damping but the overall effect including rubbing friction, (16,17) 
breakage, grinding, etc. It is as yet difficult to assign composite damping 
values to buildings although such have been obtained in a few cases by con- 


sideration of the response to forced vibration in the range of resonant 
periods, (12,18,19) 


Multi-Story Building Reaction to Earthquake Motion 


The results of two recent research efforts will be presented to provide 
specific data on the many items considered in general terms above. The first 
work extends previous comprehensive studies of the dynamic properties of 
an actual traditional type building under low amplitude vibration into a hypo- 
thetical range of progressive failure under extreme conditions. The second 
considers the shears developed in a proposed 20-story modern type building 
with 16 various systems of assumed stiffness and damping values under the 
complete actual motion recorded for four different earthquakes. 


A 15-Story Traditional Type Office Building 


A 15-story San Francisco office building has been subjected to a great deal 
of research over the past twenty-five years with particular reference to its 
dynamic characteristics. A complete summary of the work to date with refer- 
ences and a description of the building, which has been termed the seismologi- 
cal “guinea pig”, has recently been published, (12) In addition to detailed 
analyses of the factors which contribute toward the various natural periods of 
vibration of the building, records have been made of the actual response to 
windstorm, earthquake motion and to a vibrating machine. 

The Alexander Building is typical of a great many tall office buildings con- 
structed in the United States up to the time of World War ITI in that it has a 
riveted steel frame, exterior unreinforced brick filler walls, tile partitions, 
concrete floors and stairs, and interior concrete fireproofing. It is rectangu- 
lar in plan and in elevation, is practically free of adjoining structures, and is 
founded on firm alluvial materials. It is located at the corner of Bush and 
Montgomery Streets, San Francisco. Although no seismic code was in force 
at the time of its design and construction, the provision for wind forces pro- 
vides an equivalent code seismic value of about 2% in the exterior steel frame 
with its deep spandrel connections. The wall materials were not used 
structurally as per the then prevailing practice. Fig. 3 shows a typical floor 
plan and two elevations of the structure, 
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From exhaustive previous research in the first four modes of vibration in 
each plan direction of the building, the relative contributions to the various 
natural periods of shear, flexure, and ground yielding were determined as 
were the shear spring factors for each story and the elements contributing to 
these factors,(12) Estimates of the composite damping capacities were also 
made. However, for all of this work the measured amplitudes of building 
motion were quite small, never exceeding about 0.10" in the fundamental 
mode, 0,06" in the second mode, and 0.03" in higher modes. The steel frame, 
the concrete fire-proofing, and the concrete stairs contribute to the building 
stiffness in proportion to their relative rigidities as do the exterior brick 
filler walls and brick exterior fire-proofing. However, for the small ampli- 
tudes involved, it was found that the masonry was only partially effective as 
shown by the very low value, 60,000 lbs. per sq. inch., obtained for the “ef- 
fective” modulus of elasticity of the masonry working in conjunction with the 
steel and concrete. This participation, however, greatly affects the dynamic 
properties of the building. The tile partitions were found to be essentially 
non-contributing to stiffness for the small amplitudes recorded. 

Accelograms due to earthquake motion were obtained simultaneously on 
March 22, 1957 at the roof level, the 10th floor and at the basement level with 
the U. S. Coast and Geodetic Survey instruments. These undoubtedly repre- 
sent the greatest accelerations to which this structure has been subjected. 
The absolute maximum (but not simultaneous maximum) values of acceleration 
and the corresponding periods and single amplitudes were determined in the 
writer’s office as shown in Table 1. 


TABLE 1 - 15-Story Building Response to March 22, 1957 
San Francisco,Earthquake 


N-S Direction E-W Direction 


Level 


Roof Level 
10th Floor 
Basement Floor 


During a considerable portion of the record, the building was vibrating in 
or close to its third mode frequency in each direction although some second 
mode waves appear and there is some minor beating effect with the fundament- 
al in the North-South direction. The simultaneously recorded motion that 
indicated the greatest shear distortion between floors is shown on Fig. 4. The 
gross recorded single amplitude has been reduced to shear amplitude alone 
by allowing for the flexural and ground movement contribution to the third 
mode as previously determined, (12) and the ground amplitude has been deduct- 
ed from the gross motion. There was no apparent damage of any type in the 
building although the recorded accelerations and the calculated shear de- 
flections indicate shears much greater than the wind design basis would pro- 
vide in the steel frame. The fact that the shears at the upper levels approxi- 
mate the modern San Francisco and Uniform Code requirements as shown in 
Fig. 1(a) is of interest but of no particular significance since this was a minor 
earthquake and the building has much greater strength at the corresponding 
levels because of the “non-structural” materials. 
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A detailed analysis was conducted to seek answers to the following 
questions and to yield other data: 


(1) How much did the steel frame function in the March 1957 earthquake? 

(2) What other materials participated and how were they strained and 
stressed? 

(3) What is the approximate real seismic capacity of a hypothetical 
structure such as this and what pattern of failure could be expected? 


As can be readily understood, the problems are complex and even approxi- + 
mate results must depend upon a great deal of mathematical labor, the use of sy 
all available data obtained from the many previous investigations and research ; 
efforts on this same structure, and judgment based upon general consider - 9 
ations of structural-dynamic action. In spite of several necessary as- 
sumptions it is felt that the results are generally within the tolerance of 
several customary design assumptions and representative of the great many po 
traditional-type buildings. The work, however, should be considered as hypo- . 
thetical and qualitative and not necessarily directly applicable to the prototype 
or any other particular building. 

Fig. 5 is a plot of shear versus 13th story deflection in shear only; i.e., 
that type of lateral movement in which the floors remain horizontal. Actually 
this deflection is caused by both flexural and shear deflections of the various 
vertical members between the floors. The positive slope of each line repre- a 
sents the stiffness or spring factor contributed by the elements as noted and 
the upper heavy line represents the total story resistance. Both ascending 
and descending slopes, or spring factors, for certain elements vary because 
of allowances for gradual participation and progressive failures. Since these 
elements, because of their geometrical situation, function in parallel and all 
deflect an equal amount, their stiffnesses can be added directly. Each element 
must participate structurally and dynamically until it reaches a distortion 
that will cause it to fail; this is true whether or not the element was assumed 
to function at the time of design. The deflections, of course, vary in direction 
during vibration and probably do not pass through the true zero value because 
of damping. The system under appreciable movement is one of not only non- 
linearity but one of variable non-linearity depending upon the extent of prior 
distortion and damage. Once an element has been over-strained it can be 
considered out of action on the next cycle of vibration. The natural periods of 
vibration will thus be changed under appreciable distortion and the partici- : 
pation and/or failure of the various elements. It is to be noted, however, that . 
the various stories would react differently depending upon their distortions, 
rigidity and reserve strength as would the building as a whole. These com- 
plexities and variables plus damping and the fact that many contiguous cycles 
of similar ground movement characteristics are improbable, demonstrate why 
resonance amplifications are limited in this type of structure. 

Figs. 6 and 7 are similar plots for the 7th and Ist stories respectively in 
the same (N-S) direction and Fig. 8 is for the 7th story in the other direction. 
It has been assumed in developing these resistance plots that the point of 
rupture of unreinforced masonry is at 80 p.s.i. shear or p.s.i. flexure, which- 
ever governs; plain concrete at 200 p.s.i. shear or 200 p.s.i. flexure; and clay 

tile at 40 p.s.i. shear on the gross section. It was also determined from 

previous research and by judgment that the masonry gradually comes into full 
action; i.e., its “effective” modulus of elasticity increases with distortion to 
its maximum value. Since failure first occurs with the element having the 1 
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greatest ratio of rigidity to strength and then progresses to the other ele- 
ments, the resistance as a whole gradually declines as shown by the sloping 
lines beyond peak resistance, The tile partitions also come into action to an 
increasing degree, but no participation is assumed until the story deflection 
is appreciable. 

The plots can be used to not only estimate the total shear and stiffness for 
any distortion, but also to estimate how much is carried by each of the vari- 
ous elements and to visualize when such will participate and when they will 
fail. The building periods at any stage of failure can be calculated with re- 
vised spring factors determined by the slope of the total resistance line pro- 
jected back to the origin from any point of deflection. The area under the 
various curves is a measure of the “toughness” and the capacity to absorb 
energy. The smaller plots within each figure show the tremendous reserve 
energy value of the steel frame after failure of and as compared to the less 
“tough” unreinforced architectural clothing. 

Table 2 indicates approximate shear values for different stories and story 
distortions. It is assumed for this tabulation that none of the elements at any 
deflection value had been damaged by prior excessive deflections. 

It is apparent for this traditional type of building that the “non-structural” 
items such as masonry filler walls do most of the work at low emplitudes due 
to earthquake or wind both in the structural and the dynamic sense. It is to 
be noted that the hypothetical building has considerable window area as shown 
in Fig. 3, averaging 33% of the N-S wall areas and over 22% of the E-W wall 
areas. The steel frame, which has tremendous reserve capacity for both 
shear and the absorption of dynamic energy as shown in the smaller scale 
plots, takes little stress until the unreinforced masonry fails. Such wall 
failure could occur in severe earthquakes with little or no danger of building 
collapse but with a large percentage of economic loss, particularly under sus- 
tained ground motion. This is an example of the fact that no material per se 
should be condemned for its earthquake history unless credit is given for any 
abnormal work load thrust upon it and until its potential has been rationally 
utilized in a logical structural-dynamic system. 

The previous questions regarding the hypothetical building reaction to the 
March 22, 1957 San Francisco earthquake can be answered by reference to 
Figs, 4, 5, 6, 7, 8 and Table 2. From Fig. 4 it can be shown that the greatest 
known shear distortion occurred in the 13th or 14th story. Assuming as much 
as 0.02" per story, the participation of the steel frame (Table 2) would be only 
8% of the total shear resistance. The steel would be stressed to only about 
3,000 p.s.i. (due to earthquake) at one or more locations in this story. The 
material doing most of the work, the unreinforced brick masonry, was 
stressed to about 7% of its flexural and 17% of its shear estimated rupture 
values respectively, at the points of greatest unit stress by relative rigidity. 
This story could have withstood approximately twice the distortion without 
local filler wall or other rupture (ultimate value about 25%g) and its energy- 
absorbing capacity had not been utilized. 

The distortion of lower stories was less although greater rigidities invite 
greater relative shear. If 0.01" or 0.02" per story is assumed the resulting 
participation can be taken from Table 2. It is very unlikely that any story de- 
flection except for the upper three levels exceeded 0.01" in shear alone, Fig. 


4 is drawn between known points with reference to forced vibration shapes for 
the third mode. 
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TABLE 2 
_— Resistance of Elements at Various Story Shear Deflections 
- Story Direction Element Shear at| Shear at; Shear ns Shear at 
4:90.01" | As=0.02" | As=0.07"; As=0.20" 
(Kips) (Kips) (Kips) (Kips) 
ae Brick Masonry 38 106 106 0 
Cone.Fire-Proof'g 2 5 0 0 
Cone,.Stairs 36 72 252 0 
13th N-S Tile Partitions 0 0 10 
3 Steel Frame 8 16 1 14 4 
4 TOTAL 3? 99 9 5 4 
K= 8,400 10,000 6,000 700 
Brick Masonry 31 135 150 0 
a Conc.Fire-Proof 'g 8 16 0 0 
Conc,Stairs 36 72 254 0 
af 7th N-S Tile Partitions 0 ) 10 0 
oy. Steel Frame 24 47 164 4OO 
TOTAL 70 57 00 
4 K= 9,900 13,500 8,300 2,000 . 
j Brick Masonry 24 90 88 0 3 
Cone.Fire-Proof 'g 12 22 0 
Cone, Stairs 26 54 190 0 
a lst N-S Tile Partitions 0 0 10 
Steel Frame 1 26 88 253 
K= 7500 9,600 5,400 1,300 
Brick Masonry 62 280 0 0 B 
Cone.Fire-Proof'g 10 | 20 0 0 
7th E-W Tile Partitions 0 0 10 0 
iba Steel Frame 16 2 116 330 a 
TOTAL iste 126 U 
Ks | 8,800 | 16,600 | 1,800 | 1,700 
o K= Spring Factor for Story in Kips per Inch q | 
A,= Story Shear Deflection 
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For those who are more concerned with “structural” damage than with 
clothing repair costs, the smaller plots of Figs. 5, 6, 7 and 8 indicate the 
strength of the rigid elements of construction and the tremendous reserve 
energy —absorptive value (area under the curves) of the rigid steel frame. It 
is obvious, from a study of these plots and with full allowance for their possi- 
ble inaccuracies, why this type of construction has, by happenstance perhaps, 
suffered no major seismic catastrophy in the United States. Table 3 indicates 
the ultimate capacities of the various elements. Because of structural- 
dynamic phenomena the energy value or toughness is a better measure of 
collapse resistance than ultimate strength. 

There can be little doubt that the conditions demonstrated above for the 
traditional type building have influenced judgment, and properly so, in de- 
termining code and general practice design values. However, in order to 
caution against any false sense of values or security the writer strongly in- 
vites the careful consideration of all the factors involved and a careful com- 


parison of the traditional building with the modern structure. This will be 
covered later in this paper. 


A Modern-Type 20-Story Building 


The City of Auckland, New Zealand, engaged the writer in 1956 as structur- 
al and seismological consultant to their architectural and engineering de- 
partments in connection with a proposed Administration Building. This 
structure which is not yet under construction, is 45 feet by 127 feet in plan 
with three stories below ground level and 20 stories above. It will be the tall- 
est and most slender modern building in New Zealand and one of the most 
slender in any active seismic region of the world. The assignment was made 
particularly interesting by the fact that traditional items such as massive 
masonry or concrete filler walls, concrete fireproofing, and heavy partitions 
would be almost entirely non-existent. The greater height-to-width ratio of 
the proposed building is 5 to 1 above street level. The problem was soon de- 
termined to be that of providing sufficient strength, flexibility, and energy 
absorption for earthquake emergencies and yet to have enough rigidity to with- 
stand windstorms without human discomfort. These two factors are basically 
opposed to each other for a structure of the given dimension and modern con- 
struction. 

After the development of preliminary designs of a structural steel rigid 
frame without rigid bracing or shear walls, the writer decided to investigate 
the analog response of several hypothetical 20-mass dynamic systems to re- 
corded earthquakes. The Dominion Physical Laboratory of New Zealand had 
previously developed an electric analog and had already conducted certain 
experiments with a 10-mass system. (5) Since no New Zealand earthquake re- 
cordings were available several complete “shadow” graphs of California 
earthquakes were carefully prepared from U. S. Coast Geodetic Survey 
records in such manner as to be suitable for use with the existing Dominion 
Laboratory equipment. These were provided the laboratory along with 16 
systems of dynamic characteristics each with 10-masses and 10 spring factors 
designed to be a dynamic equivalent of the proposed 20-story structure. In 
addition to the use of four actual earthquake records, four assumed damping 
factors were assigned and various spring factors were computed to represent 
the rigidity of the building frame alone and with the possible additional partici- 
pation of partitions and wall panels. Altogether 64 experimental runs were 
made, each for a complete United States earthquake record. 


a rae 


EARTHQUAKE-RESISTANT DESIGN 


TABLE 3 


Estimated Ultimate Capacity Without Regard 
to Relative Rigidity 


Story | Direction] Element Approximate 


Capacit 


of 
total 


Energy Value* 


of 


total 


Ft-lbs,. 


Brick Masonry 

Conc, Fire-Proofing 
Cone, Stairs 

Tile Partitions 


54 23 
1 2 


25 31 
3 
Steel Frame 


Brick Masonry 

Conc. Fire-Proofing 
Conc, Stairs 

Tile Partitions 
Steel Frame 


Brick Masonry 

Conc. Fire-Proofing 
Conc, Stairs 

Tile Partitions 
Steel Frame 


Brick Masonry 

Cone. Fire-Proofing 
Tile Partitions 
Steel Frame 


* Regardless of deflection; 
Steel taken to yield point only - its tctal 
energy value is many times that at yield 
(see Figs. 5,6,7 and 8) 
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20.7% 
13th N-S 
11.0% 53 937 19 q 
7th 3.6% 17 1000 | 20 
1.% 5 107 2 
4.9% 24 2830 58 
| wm | 633 9 
0.2% 2 41 1 
; lst N-S 2.1% 21 1320 18 
0.6% 110 1 
oe 2.9% 30 | 5370 | 72 
19.9% ve) 1220 22 
0.3% 1 37 1 
7th E-W 2.3% 8 214 4 
4.9% 18 4033 
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The results of this work were not only valuable as an aid to judgment in 
the specific assignment but provide very enlightening basic research infor- 
mation. Considerable work beyond the scope of the consulting assignment has 
been conducted by the writer as a matter of general interest. The results of 
much of this effort will be presented herein. 

Table 4 indicates the mass and spring factor systems which were furnished 
the Dominion Laboratory. The spring factor for each composite story or 
mass number representing two coupled prototype stories was made equal to 
the product divided by the sum of the corresponding prototype spring factors. 
For example the spring factor, Ky for the 5th analog mass, which is the dy- 
namic equivalent of the 9th and 10th building stories, is determined as follows: 


Kg x K10 
Ky (analog) = i cise (building) 


The above relationship can be derived from the facts that the sum of the de- 
flections of the two coupled stories equal the deflection of the coupled story 
and the shear is constant through each coupled story and equal to the analog 
shear. The prototype stiffnesses were developed from trial designs. The 
mass of analog story was made equal to the sum of the two corresponding 
prototype story masses. Periods and damping are the same for the analog as 
for the proposed building. Table 5 gives the values of periods and correspond- 
ing damping factors in percentage of critical damping for the actual analog 
systems as used in the test series. 

Four complete records of actual earthquakes were used to excite motion 
and determine shears for each of the 16 dynamic systems. These earthquakes 
are described in Table 6. 

The average of the maximum base shears for all four nominal damping 
values are-plotted for each earthquake on Fig. 9 against the fundamental peri- 
od for each analog “model”, These are averages of the “envelope” maxima 
for each damping system representing the entire response to the entire earth- 
quake exposures. These average values are used for simplicity in illustrating 
the results. The absolute maximum base shears for all runs are shown by 
the upper dash line on Fig. 9. It can be seen that although El Centro 1940 pro- 
duces the greatest base shears at all periods (i.e., for all stiffness systems), 
at the shortest fundamental period the base shears from El] Centro 1934 and 
Olympia 1949 are approaching those of El Centro 1940. El Centro 1934 is 
consistently greater in base shear than Olympia 1949 for this structure al- 
though, on the basis of the various earthquake ratings shown in Table 6 
Olympia is rated somewhat greater than El Centro 1934. The reader should 
keep in mind that all of the data shown in Fig. 9 (and elsewhere for these 
tests) include the response of all natural frequencies of the analog model. 

The fundamental mode is shown here only for identification simplicity. The 
periods of the highest four modes are given in Table 5. The shears developed 
by stiffness system D are relatively greater for the 1940 El Centro record 
than for the other three records. 

Another interesting finding was that for stiffness system C the 1940 and 
1934 El Centro earthquakes produced the same absolute maximum base shears 
for the low damping values. Table 7 shows these shears, the relative shears 
for these two earthquakes, and the available relative earthquake intensities 
from a velocity spectrum procedure, The agreement in relative intensity be- 
tween the multi-mass model response to these two earthquakes and the velocity 
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TABLE 4 


Alternate Dynamic Systems for Analog Tests 


Spring Factor or Stiffness Systen, Equivalent 
in kips per inch Bldg. Stories 
(Coupled) 


Total: 14650 
Average: 
Note: With each of the four stiffness systems above, damping 


coefficients of 2%, 5%, 10% and 20% of critical damping 
were to be employed in the tests. 


4 
ASCE 1695-23 
= 1 630 540 1530 810 142 
2 1520 1320 970 3300 1460 |} 3&4 7 
; 3 1500 1010 880 2520 1310 5&6 q 7 
i 4 1550 940 830 2370 1240 7&8 a 
580 610 1450 920 9 & 10 
6 1440 580 540 1450 810 llal 
7 1400 570 1430 670 Wels 
3 1380 480 340 1200 510 15 & 16 2 
9 1590 420 260 1050 390 17 18 
10 230 150 580 220 19 & 20 
(top) 


1695-24 ST 4 July, 1958 


TABLE 5 


Analog Characteristics 


Stiffness} Nominal | Fundamental Mode Fourth Mode 
C/Com$ 


5 
10 
20 
B 2 
5 
10 
20 
Cc 205 
506 
D 2 0.703 301 
5 02595 4.3 
10 0.480 903 
20 


Missing data, not available, can be estimated by comparison to similar 
given conditions above, 
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TABLE 7 


Maximum Base Shear for 1940 and 1934 El Centro (N-S) Earthquakes, 


Stiffness System C 


Nominal El Centro 1934 (N-S) 
Dampirig if ax, Base Shear-Analog 
Re 


4 
% of Critical 


Intensity by Velocity Spectrum Procedures (19) 


100% 66% 
(8.94) (5.93) 


100% 76% 
(3.36) (2.55) 
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spectrum rating is fair at the 20% damping value (70% vs 76%). However, at 
the low damping values there is poor agreement (101% vs about 70% at 5% 
damping). For El Centro 1940 considered alone, the base shear obtained with 
the multi-mass tests at 2% damping is 1.40 times that at 20% damping. This 
compares with the spectrum ratings for the same conditions of 1.7 to 1.0, 
respectively.(21) The variations are more pronounced in consideration of 
shear distribution over the height of the structure, Fig. 1(b). System C has 
no natural period longer than 2 seconds and 9 natural periods below this value. 
The spectrum ratings are for the encompassing period ranges of 0.1 to 2.5 
seconds. There is obviously some mechanical error in each procedure but 
this should be of insignificant magnitude compared to the nature of the 
problem and also to the differences noted above. Although the average veloci- 
ty spectrum basis is not intended to be precise it would seem that these indi- 
cated differences are sufficient in the probable critical range of 5% to 10% 
damping to indicate the desirability of special dynamic analyses for research 
in and for the design of multi-storied and special structures. Modern build- 
ings without the reserve strength of non-calculated elements and materials 
need particular attention if optimum resistance is to be developed at lowest 
first cost and with lowest “non-structural” repair costs. 

The variations in base shear for each earthquake and for the four nominal 
damping coefficients of the test series are shown in Fig. 10 as are the abso- 
lute maximum base shears obtained. An increase in damping reduces the 
base shear values but at a greatly decreasing rate above 10% of critical for 
this building. It might be assumed that the 20% values would hold for any 
greater damping values. It is to be noted that the Santa Barbara record pro- 
duced practically constant (maximum) base shears at all damping values and 
also that the 20% value shears are not a great deal less than for 10% damping 
under any earthquake. The effectiveness of damping might be somewhat great- 
er, however, for more rigid and shorter period structures where the funda- 
mental (and most responsive) mode would be closer to ground waves of great- 
er energy. However, the greater stiffness would invite greater shear (Fig. 9). 

These analog results are for constant dynamic or elastic systems wherein 
the rigidities and damping values do not change during an earthquake test. 
Since buildings might be expected to undergo some dynamic changes even with- 
out visible damage, especially during severe earthquakes and for the tradition- 
al-type structure (see Figs. 5, 6, 7 and 8), the base shear results presented 
may be slightly greater than would obtain in the prototype. Moreover any 
elasto-plastic or plastic action will reduce the responses. Another reduction 
in base shear may be expected from the fact that the true prototype periods 
will be somewhat longer than for the corresponding analog “models” because 
of ground yielding and flexural distortion of the building as a whole which is 
not included in the shearing spring factors. At least 10% fundamental period 
lengthening with these factors is estimated for this particular building parallel 
to its narrow plan dimension. Radiation of energy back into the ground will 
also tend to reduce shear. 

The absolute maximum or enveloping story shears for all the stiffness 
systems and for all damping values are shown in Fig. 11 for the complete 
1940 El Centro (N-S) earthquake. Two code requirements are also indicated. 
Each analog point is plotted at the upper of its two coupled floor masses. 
Thus, “base shear” as plotted on Fig. 9 and 10 is actually shown in Fig. 11 at 
the level of the second floor above the street. Points are connected directly 
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for visual simplicity although shear would be constant in a particular story. 
Since these are enveloping values for all analog mode responses to the entire 
earthquake, no two story shears as shown necessarily occur at the same 
instant. The tremendous variation with building stiffness and damping is ap- 
parent at all levels and it is obvious that the higher modes are important for 
this building at the upper levels. The line called B 20 is for stiffness system 
B, the most flexible, and 20% damping, etc. 

The story shear values for four earthquakes are shown on Fig. 1(b), each 
for stiffness system A and 5% damping. In view of the facts that the real 
shears will be somewhat less because of the reasons noted above and that al- 
lowable code unit stresses are well below the proportional limit, it can be 
seen that the prevailing codes in general provide for the three milder earth- 
quakes without structural failure. The 1956 San Francisco code follows Nature 
better for this structure, with rigidity system A and 5% damping, than the 
Uniform Code in the lower 12 stories. The 1955 Uniform Code is better in the 
upper 8 stories. If a factor of 50% is arbitrarily allowed for the lower proto- 
type shears and to increase unit stresses to the proportional limit, the El 
Centro 1934, Olympia, and Santa Barbara earthquakes would all be provided 
for by the present Uniform Code in the upper 8 stories and the present San 
Francisco code for the lower 12 stories. There is, of course, more value 
above the proportional limit. Since the upper stories of most buildings have, 
or can be more easily provided with, greater relative shear values than the 
lower stories which are critical in design, it might be said that, for this 
structure, the San Francisco requirements are more applicable. If only the 
Olympia and the Santa Barbara earthquakes are considered, the San Francisco 
code develops the maximum shears ‘with the same 50% allowance, at all levels. 

It is also to be noted, on Fig. 1(b) that the milder earthquakes create very 
little difference in shear values for the middle portion of the building height 
in spite of the fact that these earthquakes cause different base shear values, 
different average shear values, (Figs. 9 and 10), and have been assigned 
different relative intensity values (Table 6). The inherent problems of gener- 
alizing or averaging are apparent. 

Fig. 12 shows the relative shear distribution with story height for some of 
the dynamic systems tested. The others, which are omitted because of draw- 
ing congestion, are generally within the limits of those shown. By comparison 
of lines 1, 2, 3 and 4, which are for all for same stiffness system, it can be 
seen that damping has considerable reducing effect at the upper levels, no 
doubt because it is more effective for the higher modes. The analog mass 
points have been plotted at the upper level of each pair of coupled stories for 
consistency with the other plots. 

Fig. 13 shows the accelerations in percentage of gravity which would be re- 
quired to obtain the same maximum shear values with conventional design 
methods as from the dynamic tests. The tremendous range of values for the 
various stiffness and damping systems, particularly in the upper levels is 
obvious. The top range is roughly from 12 to 55% g and the base shear from 
5 to 15% g for the El Centro 1940 earthquake. The interconnecting lines are 
for a common system, such as B-20, the most flexible system with the most 
damping, 20% of critical. The most rigid system with the least damping, C 2, 
of course, suffers the greatest shear. These results are compatible with the 
13% g value recorded at the upper level of the San Francisco building, which 
is similar in height and mass but more rigid than the one in question, during 
the very mild 1957 earthquake (Table 1). The other earthquakes used in the 
test series provide somewhat similar shapes but with smaller values. 
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Fig. 14 is another interesting way of plotting results from the same test 
series. Stiffness K, for three of the prototype stories is shown against the 
corresponding maximum story shear deflection from the El Centro 1940 
record, with damping as a parameter. Lines connect the same stories under 
different stiffness values. The “lash line is arbitrarily drawn through the point 
2,000 K and 1.0 in. deflection, with the deflection proportional to the recipro- 
cal of the square root of K. The similarity in slope is generally apparent ex- y 
cept at the lower damping values where this “averaged” relationship fails. -_ 
All plotted points represent the results of the 1940 El Centro earthquake on 
the proposed building. The great amount of story deflection at low rigidities 
is to be noted as is the fact the much greater stiffness values still require 
considerable story deflection to develop enough energy to resist the earth- 
quake. The seismic design of high modern buildings on a static basis without 
regard to movement and its effect on the architectural clothing would seem to 
be a dangerous practice. 

There are, of course, many other analyses, comparisons and applications 
possible from these test results including the consideration of mode shapes 
and variable stiffnesses and damping during an earthquake. These need not 
be included herein nor does space permit. Mr. Murphy of the Dominion Labo- 
ratory and the writer are undertaking further tests including application of 
the traditional San Francisco building data reported above for various de- 
flections and with several earthquake records. 

The specific results and recommendations for the design basis of the 
Auckland building cannot be revealed at this time on the basis of client confi- 
dence. However, it is interesting to compare a modern flexible building to 
the traditional San Francisco building. 


Traditional Building Versus Modern Building 


The hypothetical modern building is different than the traditional-type 
building represented by the 15-story “guinea pig” in many ways, particularly 
from the structural-dynamic viewpoint. Nearly all of its basic elements are 
calculated as structural to meet modern seismic codes whereas the traditional 
buildings had a great but variable amount of non-calculated strength and ri- 
gidity. The modern trend is for exterior surfaces to be largely glass and the 
spandrels to be either metal and insulation or light weight masonry or 
concrete units. The partitions are often of light weight materials of little ri- 
gidity. The stairs must be allowed to yield or be considered expendable. The 
fireproofing is of lightweight material offering little rigidity as compared to 
the frame. The framework, regardless of its design basis, must be somewhat : 
heavier and stiffer than for the traditional building for which no earthquake 
provision, per se, was made. The frame is honestly on its own as to the 
structural-dynamic value of the building. The data in Table 9 are average 
values for the two types of buildings. “| 
If it be postulated for the moment that seismic shears would be proportion- 
al to the square root of the product of unit weight and unit stiffness, the tra- 
ditional building shears would be 2 to 4 times greater (in the undamaged con- 
dition) than those in the modern type building. Since shears for the latter are 
considerable (Fig. 1(b) and 11) in relation to code requirements, it is obvious 
that either cracking of the traditional walls must occur under such disturbing 
forces and/or the older-type buildings are much stronger than the modern 
ones at low distortion values. Actually, both conditions obtain. 
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TABLE 9 


COMPARISON OF BUILDING DATA 
(Assuming no damage) 


Modern Buildin 
Stiffness System 
A 


Traditional Building 


Average stiffness per sq. ft. of 


floor area, pounds per inch 240 590 
Average stiffness per cu. ft. of 

volume, pounds per inch 21 53 

Average weight per cu. ft. ad. sae 


Fig. 15(a) indicates the comparative strengths and stiffnesses for the third 
story down from the top for both the traditional and the modern-type buildings 
and Fig. 15(b) is the same for the 9th story from the top of each building. The 
great differences between the two types of buildings are apparent, the former 
being more rigid and stronger but more brittle, and the latter stronger and 
tougher for greater deflections. If the graphs were extended to the ultimate 
strength for the steel, or even to greater deflections, the reserve energy value 
would be much greater for the modern building with its heavier framework. 

In consideration of Fig. 14, it is apparent that a major shock would have to 
“crash through” the deflection peaks of about 0.05" on the traditional 
structures resistance factor. This action would, of course, absorb considera- 
ble energy and relieve the structure locally but only at the expense of broken 
elements. 

In many buildings of the traditional type, the first story is higher than the 
other stories and contains a great percentage of glass. This means that the 
strength and rigidity of this lower and most important story are relatively 
less than for the upper stories. This flexibility is desirable from the dynamic 
sense(32) but it may create a structurally and economically undesirable situ- 
ation for major and perhaps also for moderate earthquakes. It would seem 
that all tall buildings should have a good frame capable of acting under 
emergencies, if not at all times, and should be designed rationally in full con- 
sideration of all structural-dynamic phenomena and of all materials for the 
earthquakes and corresponding amounts of damage or lack of damage which 


are set forth in the design criteria. Happenstance resistance is not compati- 
ble with present day knowledge. 


The Design Problem 


The valuable data obtained from the analog tests for the modern type build- 
ing indicate the shears which can be expected in the prototype for various 
earthquakes. It is not indicated, however, that the maximum shears should be 
used in design at code unit stresses. The cost of construction would be pro- 
hibitive, the calculated risk would not justify this procedure, and lastly, the 
basic question of allowable unit stresses and building deflection must be 
honestly faced with the full realization that a 1940 El Centro-type earthquake 
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does not happen very often within 30 miles of the structure under consider- 
ation. Moreover, the record of multi-story buildings in major earthquakes 
has certainly not always been catastrophic and in some cases has been fairly 
good, even though many such buildings were designed to be only wind-re- 
sistant. Here is the point where the engineer has to include economics, risk, a 
probability, public welfare, etc. in his thinking as compared to the scientist 
who deals in physical facts, not dollars and human problems. 

For cases where adequate dynamic analyses for special or unusual 
structures indicate considerably greater than code shears, the following gener- 


al steps (not necessarily in order) are indicated to convert the dynamic analy - 
ses into a final design: 


(1) Compare the earthquake of earthquakes used in the analysis to the 
probable earthquake risk of the locality in question. After careful con- ed 
sideration of available local earthquake history, intensity, duration, Aa 
frequency, damage, geology, possible dominant site periods, soil con- M4 
ditions, and probability factors, etc. make any indicated adjustments to ie 
the shear values obtained. ie 

(2) Correct the shears in consideration of any effects of flexure and ground 
movement on the building periods and response. rel 

(3) Compare the proposed structure to those of a similar type and/or size ‘ii 
that have been subjected to severe earthquakes. In so comparing, how- 
ever, fully consider all non-calculated elements and materials. Fully 
utilize all possible elements and materials in resistance but with con- 
sideration of relative rigidity and strength at various distortions. be 

(4) Determine the maximum deflection for human comfort and occupancy in | 
probable windstorms. In spite of the technical literature on building ata 
sway there is little information available on the actual wind per- 7 
formance of modern skyscrapers without massive curtain walls, par- 
titions, and stair systems. No doubt building owners are reluctant to is 4 
reveal a flexible building and have no reason to talk about one that does _ 
not have noticeable movement. It is hoped that discussion of this paper 
will produce more data on this matter which would be most useful to 
the profession. By analogy to the 15-story guinea pig building (Figs. 5, 
6, 7, and 8) and other references, it is obvious for traditional buildings, 
which may have been designed with a wind deflection limit of 0.002H to 
0.003H, that (a) the steel frame cannot function because of its clothing, 7 
and (b) the clothing provides most of the rigidity,(22,23,24,25,26,27) ma 
Thus for modern lightweight building design, there are few applicable a 
empirical data or criteria. This problem is one in dynamics, not 2 
statics, and it also involves human perception which is apparently more ow 
sensitive to acceleration from gust effects than ampli- QS 
tude, (22,27,28,29,30) This subject is injected here because it is part of 
structural-dynamics and because there is little value in conducting a _ 
complete seismic design until the effect on the structure of wind design 
is first determined. 

(5) The question of allowable seismic motion should be considered with 
reference to possible damage to the non-structural elements. Since a 
major earthquake is a relatively rare occurrence and is frightening to 
most persons at best, it does not seem necessary to stiffen a building 
because of human reaction to earthquake motion. Panic precautions 
would be more logical. The architectural clothing, which may constitute 


Fig 
| 
: 
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Although the entire procedure outlined above is not necessary for all 
structures, it can well be used as a basis for the design of special structures, 
for research, and for an approach to code problems. In many cases the combi- 
nation of dynamic analyses, consideration of deflections and of all materials, 
and the use of limit-design techniques for emergency loading can create a 
consistently good structure at nominal design coefficients referred to code 
procedures and unit stresses. The excellent behavior of the high Tower 
Latino-Americana, which was dynamically designed with a base shear of about 
4% g,(31) in the recent Mexico City earthquake is an example of the value of 


the structural-dynamic approach and attention to detail in design and 
construction, 
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an appreciable portion of the total cost, must either be fully detailed 
and inspected during construction to allow for the structural deflection 
under earthquake stimulus or its materials will fail as they try to do 
the work, It is basic, of course, that all materials be tied to a building 


but there are ways of doing this tying that can prevent or minimize 
costly damage. 


(6) Make a trial design based upon applicable code wind and seismic forces 


and the deflection considerations above. Compare the lateral shear 
value of this structure at code unit stresses to the dynamically de- 
termined seismic shears. The better the code applies to the particular 
building, the more constant the ratio of the two will be. In any event, 
the difference may still be appreciable and has to be accounted for. 


(7) Consistent with the various psychological, legal and economic consider - 


ations outlined above, the goal is to provide the most flexibility and 
damping in order to keep the true shears to a minimum. The addition 
of bracing, shear walls or other rigid elements is not desirable for a 
multi-story, naturally flexible building or structure except as expenda- 
ble items or as a last resort since such items not only have a poor 
seismic history but also inject abrupt transitions of rigidity into the 
system and increase overall rigidity and thus dynamic shear (Fig. 9). 

If the design contemplates such items as expendable elements which 
would stiffen the structure for wind and mild earthquakes, there should 
be another ductile system in reserve for major earthquakes. With 
ductile materials or ductile combinations of materials there is a double 
opportunity —first, to stress to the yield point and second, to provide 
for severe but rare emergencies by absorbing energy in the elasto- 
plastic range so long as secondary buckling does not govern. The latter 
procedure can be of tremendous value in preventing catastrophies and 
saving money for the owner. 


(8) After developing a trial design, the rigidity of the system should be 


checked and, if necessary, the system should be re-analyzed and the 
structure revised to meet the specific earthquake criteria. 


(9) A step by step or “plateau” design procedure using two or more earth- 


quakes of different probabilities and energy values is logical and desira 
ble. For example, the El Centro 1934 dynamic shears or the applicable 
code might be met at code stresses and the El Centro 1940 dynamic 
shears could be provided for (with or without permissible failures) 
under high stress, and in the plastic range for energy absorption. 


(10) In the final analysis, sound engineering judgment based upon structural- 


dynamic phenomena must prevail to design consistent, reliable, and 
economical structures, 
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Other Types of Structures 


There is another type of building which may be termed intermediate be- 
tween the traditional and the modern as referred to above. This isthe current 
multi-story type which is designed under modern seismic codes and which 
has an appreciable amount of concrete or masonry wall area. The difference 
between this and its traditional predecessor is that these walls are used 
structurally and are well anchored to the building. These are more rigid a 
buildings and may be subjected to dynamic shear far greater than the codes 
prescribe. This may be estimated by analogy or extrapolation of the various 
results presented above. With allowance for the nature of the problem and 
the use of high unit stresses and the consideration of distortion and energy 
absorption, a good balanced design may be achieved for any intensity of earth- 
quake which may be desired. For important structures, a reserve ductile 
framework is most desirable to withstand severe earthquakes. This type of 
building may be expected to “hold together” much better and longer than its 
unreinforced and untied predecessor, even though its rigid elements might 
crack, In cracking they will absorb energy and provide more damping value 
under continued motion. This building’s spring factor curves would thus be 
more extended after the peak values than shown in Figs. 5, 6, 7 and 8 for plain 
masonry. If the building is of short period as compared to the earthquake 
waves and very strong, it may not even suffer a crack under a severe shock. 

Structures such as tank towers have generally had a poor seismic history. 
They involve heavy masses high above their foundations which are generally 
supported by X-bracing. This is a vulnerable type of construction since (1) it 
is rigid and determinate and (2) its axial-loaded bracing members have rela- 
tively little reserve material volume to absorb energy in the high stress and 
plastic range required under the severe loading of major earthquakes. More- 
over, these structures as well as many other types of structures other than 
buildings, have not enjoyed the benefit of non-calculated filler walls, par- 
titions, stairs, etc. The stretched and failed rods, the pulled anchor bolts, 
and the fallen tanks constitute ample recorded evidence of the energy in earth- 
quakes and the fact that many an old building has remained vertical only be- 
cause its structure per se was protected by happenstance “non-structural” 
elements. 

The engineer responsible for framed structures without clothing would do 
well to think in terms of relatively high possible forces but also in high unit 


stresses under dynamic phenomena for safety, economy, and consistency of 
results. 


Disturbances Other Than Earthquakes 


Although the subject of this paper involves earthquake-resistant design, the 
writer would feel negligent not to include a few words on Nature’s other vio- 
lent releases of energy such as windstorms, hurricanes, and large ocean 
swells and also man’s blast forces and the impact of ships on wharves. All 
of these involve the factors of probability, calculated risk, energy-absorption, 
etc. They should therefore also be dealt with in terms of realistic forces, 
high unit stresses for rare emergency occurrences, and as problems in 
structural-dynamics and energy rather than statics alone. 
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CONC LUSIONS 


The following general conclusions have been reached largely from the 
recent research efforts reported herein but they are necessarily also de- 


pendent in some degree upon prior research, observation and design experi- el) 
ence. 


(1) Moderate to severe earthquakes produce deflections and lateral re- 
actions the amount of which depends to a considerable degree upon the 
structural-dynamic characteristics of each specific structure. In 
general, the dynamic shears developed by major earthquakes are great- 


er than those required by the earthquake provisions of building codes, EB 
particularly for rigid buildings and buildings with low damping values. g 
(2) The strength and rigidity of traditional type buildings with non-calculat- q 
ed filler walls, partitions and stairs are many times those of the frames z 
which were intended to provide the entire structural resistance. Al- = 


though this value varies widely between buildings and between various x 
stories of the same building, it generally accounts for the relatively 
good seismic and windstorm history of multi-story steel frame buildings 
of this type. However, these frames cannot function effectively in later- 
al resistance under severe shocks until the surrounding rigid materials 
have failed, perhaps with considerable economic loss. This fact plus 
the happenstance character of the non-calculated wall resistance justi- 
fies the more advanced design techniques of today. . 

(3) Thé modern type building without any appreciable lateral resistance ex- ‘J 
cept in the frame proper will be subject to large story distortions in 
major and, to an appreciable degree, in moderate earthquakes in spite 7 
of meeting present-day seismic codes. Engineers and Architects should 
revise the customary procedures of injecting rigid but brittle elements 
into otherwise flexible structures without provision for story distortion 
since the “non-structural” damage may constitute not only a severe fi- 
nancial loss but also a physical danger to persons in and about such 
buildings. All items should either be permitted to move with the 
structure or be expected to fail and be so classified. 

(4) Rigid bracing members or shear walls in a modern glass-walled multi- 
story building stiffen the structure against mild earthquakes and wind 
but also invite greater seismic shears. Unless designed for more shear 2 
than code values generally prescribe, such rigid elements should be a 
considered expendable and other provisions made for severe emergen- 
cies. Where a ductile moment-resisting frame cannot be provided for ! 
all the design lateral forces, the design can be accomplished on a 
“plateau” basis such as (a) providing for a moderate shock of say 15- 
year frequency wherein rigid elements carry the code or other shear 
and also provide rigidity for the normal wind force and drift consider- 
ations, and (b) providing for a severe but possible earthquake of 40 or 
50 year frequency during which the rigid elements would fail and allow 
a reserve ductile frame to then provide controlled flexibility, absorb 
energy, and prevent building collapse. 

(5) The allowable flexibility of a tall building may be determined by human 
perception of motion under frequent wind conditions, or it may be 
determined by the manner in which the architectural materials are 
employed. 
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(6) Present day seismic codes are reasonably adequate for moderate earth- 
quakes but because of the over-simplification of a very complex subject 
they cannot produce consistent results. The real earthquake values of 
various types of buildings and structures are not necessarily pro- 
portionate to the lateral force factors used in design. Stated another 
way, code requirements are not producing constant safety factors be- 
cause of too much reliance on coefficients without adequate regard to 
the structural-dynamic phenomena and ultimate resistances involved in 5 
various types and rigidities of construction. Codes can and will be im- 
proved, but no designer or owner should assume that any code can re- 
place sound conscientious engineering and the detailed knowledge needed 
to provide resistance against the tremendous energy and mathematical 
complexity of a severe earthquake. 

(7) The fundamental period of vibration is a logical index of relative base 
shear for general code purposes. However, the height and width of the 
building considered either individually or together are not adequate 
indicators of the period of modern, flexible structures without walls. 
These periods should be specifically calculated or improved approxi- 
mate methods should be utilized. 

(8) Building codes should encourage structural-dynamic analyses, realistic 
forces and shears, limit design procedures, ductility, and moment- 
resisting frames for severe emergencies. 

(9) Competent supervision and inspection of construction are essential for 
obtaining the results desired from code requirements and design pro- 
cedures. 

(10) Damage, if not found and completely repaired after each earthquake, is 
cumulative except for ductile and tough materials for which minor yield- 
ing may be of no consequence. Thus, a building may not fare as well in 


future shocks if only plaster and paint are employed in its repair oper- 
ations. 


It is hoped that many important reasons for apparent paradoxes between 
design practice, observed behavior and research have been demonstrated and 
that a better understanding of seismic shears and building resistances is pro- 
vided. It is also hoped that such procedures as (a) designing a frame for 
forces it cannot be loaded with because of happenstance and highly variable 
surrounding materials, and (b) designing a glass or skin-walled building with- 
out regard to the results of necessary lateral movement in earthquakes can be 
replaced in time with balanced structural-dynamic designs which consider all 
the many factors, deal in terms of energy and have a realistic approach to 
distortions and unit stresses. The results can be much more satisfactory, 
predictible and consistent. The cost of construction need be nor more, 
certainly less for the same calculated risk. 
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SYNOPSIS 


line structures to earthquake ground motion, develops some criteria for 
shears and moments for design, and compares these with criteria suggested 
or specified by others. 


INTRODUCTION 


The response of free-standing stack-like structures to the ground motion 
of an earthquake is a complex phenomenon, even when considering a seeming- 
ly simple engineering structure of this type. There have been several studies 
on this subject in recent years. Some have been rather intricate dynamic 
analyses, generally the response of such structures to particular earthquake 
ground motion. Others have been directed primarily toward developing more 
rational methods of aseismic design. The latter have had varying degrees of 
“rigor.” None can be regarded as rigorous because designs are made to re- 
sist future, unknown earthquakes. It must be recognized that while earthquake 
ground motions have exhibited some striking similarities (in the spectral 
responses of simple structures to these ground motions), there are also dif- 
ferences in the ground motion between earthquakes (their intensity and dura- 
tion, for example). What is needed more than a rigorous solution, is a logical 
and reasonable one. The approach in this paper follows the pattern advanced 
in the report of the Joint Committee on Lateral Forces.(1) 
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Since the nature of earthquake ground motion is primarily to induce lateral 
vibrations in any one or a combination of several modes of vibration, it is 
clear that lateral force resistance provided for wind provides some resistance 
for earthquake lateral forces also. In fact, in some types of structures, the 
wind force may be more severe than the design earthquake forces and will 
govern the design. The term “earthquake forces” is used advisedly, since it 
is apparent that there are no applied forces other than the base shear trans- 
mitted to the structure from the supporting ground. The design earthquake 
forces are an attempt to simulate by static forces the envelope of time-varying 
inertia forces induced by the movement of the masses of the structure. More 
important to the designer than these forces, are the shear and moment dia- 
grams for which the structure should be designed. These diagrams, because 
they should reflect an envelope of adverse combinations of effects, cannot and 
need not reflect also the situation at any instant when the forces, shears, and 
moments are interrelated. 

Following an early era when earthquake resistance was achieved largely by 
wind resistance design, earthquake design forces were assigned proportional 
to the masses of the structure without regard to other properties of the struc- 
ture. This is the “rigid structure” concept. It is still the criterion specified 
in many of our leading building codes under which stack-like structures, 
among others, are built. Typical is the Uniform Building Code (UBC) which 
specifies a constant 0.10g coefficient for all such structures without regard 
to the flexibility or rigidity of the structure. It certainly cannot be said that 
this criterion will not produce earthquake resistant structures, for it cer- 
tainly can and has. But, while it has been reasonable with respect to some, it 
has been inadequate for others and extravagant for still others. 

Further complications in the design criteria are justified principally in the 
interest of coming somewhat closer to the true response characteristics of 
structures with their built-in flexibility or rigidity. The development of the 
response of simplified one-mass structures to recorded earthquake ground 
motions(5) has been a major aid toward rational criteria which recognize the 
flexibility of structures and make for some consistency in designs. 

There has been much discussion about the “earthquake coefficients” and 
there continues to be considerable difference of opinion as to whether those 
used for design should be high or low. The coefficient is important because, 
if adequate, no matter how the coefficient is applied, rationally or irrational- 
ly, with a balanced design or unbalanced design, the structure may very well 
survive a major earthquake without appreciable damage. With the working 
stresses used in design for earthquake, there is merit in not using too high a 
coefficient because the high coefficient may so influence the design as to sig- 
nificantly increase the rigidity of the structure, inducing higher earthquake 
response, thereby cancelling out the intended conservatism of the high coef- 
ficient. Much more important than the specific coefficient used is a design 
which, before ultimate failure of the structural materials, will absorb a 
large amount of energy. A relatively small amount of energy can be ab- 
sorbed in the elastic range. It must be conceded that structures subject to 
severe earthquake will undergo forces, shears, and moments which it is not 
practical or economical to resist within the elastic range of the materials 
used. It is important that the structure be able to work in the plastic range 
of stress without serious damage. 

There will be more said about design coefficients advocated for the parti- 
cular type of structure covered by this paper. However, the philosophy of 
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earthquake resistant design is that above certain minimum design criteria 
which will avoid major damage or hazards to life, such additional resistance 
provided should be based upon an evaluation of the risk involved on an in- 
surance type of an analysis. 


Method of Analysis 


The method of analysis is applied to uniform stacks of several vibration 
periods and to one tapered stack 450 feet high. From these, certain design 
criteria are formulated and the results compared with criteria suggested or 
specified by others. 

Basically, the method involves an analysis of each of the first three and 
most significant modes of vibration, to determine each modal response, its 
forces, shears, and moments, and adding these in the most adverse combina- 
tions to arrive at the possible total response of the structure. It is a technique 


quite frequently applied to dynamic vibration problems. Specifically, it in- 
volves the following steps: 


1. Determination of the modal periods of the structure. 


2. Determination of the equivalent one-mass systems representative of 
each mode. 


. Establishment of response spectrum by which the base shear transmit- 


ted into the one-mass system is related to the period and mass of that 
system. 


. Resolution of a unit base shear into base shears in each significant 
mode of vibration. 


. Resolution of the base shear in each mode into forces on the structure 
in that mode, and from these, shears and moments; or directly deter- 
mining shear and moment responses for the uniform stack. 


. Addition of the modal shears and moments in absolute values to obtain 
an envelope of response of the whole structure. 


7. Comparison of response with various criteria for design. 


8. Establishment of basis for design shear and moment. 
Uniform Stack 


The ratios of modal periods to the fundamental period for uniform canti- 
levers deflecting in bending are well known and are shown in Figure 1, along 
with the equivalent one-mass systems which were given in the Joint Commit- 
tee report. Figure 1(b) shows the total mass of the stack prorated to the 
first three modes. 

The modal response spectrum is shown in Figure 2. It is the result of a 
number of spectra determinations made primarily at the California Institute 
of Technology on the electric analog computer.(5) Figures 11 through 15 in 
the Appendix show spectra for undamped structures subject to some of the 
best recorded damaging earthquakes of the past. Structures of the type of 
stacks have very little damping and what they have will tend to “cut and fill” 
the peaks and valleys of the undamped spectrum without appreciably affecting 
the general shape of the response. Furthermore, this spectrum tends to ac- 
centuate the response in the higher modes compared to the response from 
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such flattening of the spectrum as may result from the small damping factors 
characteristic of such structures. This response spectrum provides a basis 
for resolving a unit base shear on the structure into base shears in each mode 
which are proportional to the respective weights in the one-mass system and 
the response values, S, corresponding to the periods of the modes. These 


have been calculated for four selected fundamental periods with the following 
results: 


TABLE I 


T2 T3 V1 V2 V3 Total V 


0.50 0.08 0.0285 0.707 0.228 0.065 1.000 
1.00 0.16 0.057 0.467 0.429 0.104 1.000 
*1.56 0.25 0.089 0.300 0.575 0.125 1.000 
3.00 0.48 0.171 0.246 0.474 0.280 1.000 


*T, selected to give peak second mode response at T2 = 0.25 


The resolution of the base shears into forces on the structure can be made 
if the shapes of the deflection curves are known in each mode. The force in 
any mode at level x is then proportional to the mass at that level and the de- 
flection in that mode. This method is applied later to the tapered stack to in- 
dicate the design criteria for shear and moment. 

For the uniform stack, the deflection curves are expressed by: 


= 1/2 [ cosn -cos Bx - (sinh 8x - sin Ax) | (1) 


in Bh 


where yp is the deflection at the top and # is defined by: 


cosh Bh cos Bh +1 = 0. (2) 

For the first three modes hy = 1.875 s 
Bho = 4.6941 ti 

= 7.855 

These three modal deflections are plotted in Figure 3. By inserting the ap- abe 
propriate value of 8h into equation (1) and differentiating it twice for moment ez 


and three times for shear, the relative moments and shears expressed as a 
ratio of the base moments and shears can be computed. This has been done 
and the result is shown in Figure 4. , 

Taking the base shear responses in the three modes previously given in ie 
Table I, distributing these in accordance with the shear curves of Figure 4, 3 
and adding these to obtain the most adverse combination of spectral response, 
results in Figure 5(a). It must be emphasized that adding the modal response 
shears does not indicate the response at any instant, but does indicate a 
reasonable envelope for design purposes. 


The base moments in terms of base shear in the three modes are given by: 
Mo1 = 9.727 Vojh 
Mog = 0.210 Vogh 
Mo3 = 0.127 Vo3gh 
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Distributing these in accordance with Figure 4 results in the combined mo- 
ment curves of Figure 5(b) for the four fundamental periods, 0.50, 1.00, 1.56, 
and 3.00 seconds. 

A comparison of several criteria which have been suggested for uniform 
stack-like structures is shown in Figures 6 and 7. Referring to Figures 5 and 
6, while shear is not usually a governing consideration in the design of stacks, 
it appears that for a simple and generally applicable criterion, the Joint Com- 
mittee curve (2) is reasonably good. The Isada curve (6) is specifically for 
tall, long-period stacks, from 2.4 to 3.0 seconds. The shear response curve 
of Figure 5, Tj = 3.00 checks the Isada criterion very well. Curve (3), 

Figure 5(a), while enveloping all the extremes of shear variation, appears 
more conservative than is warranted. 

The sum of the moment responses, Figure 5(b), fall generally above the 
curve (2) of the Joint Committee criterion, although if a complexity is war- 
ranted in the moment criterion, the Joint Committee criterion is good for the 
lower third of ths stack. The upper two thirds falls very well within curve (4). 
In fact, this curve (4) which is a straight line from the base moment to the top 
of the stack is a good simple criterion for the entire moment curve for design. 
It was suggested in some unpublished committee correspondence from 
Professor A. L. Miller (University of Washington) some time ago, but with- 
out the reduction in base moment which will be discussed later here. 

To establish a basis for selecting the design base shear coefficient, the 
sum of the base shear responses for varying fundamental period, Tj, is 
shown in Figure 8 as curve (2) for the bending type structure. The corres- 
ponding response of a shear type structure is shown as curve (3) to indicate 
that if the bending response curve is satisfied, there need be no concern about 
possible shear deflection requiring some more stringent criterion. The 
curves are plotted with the ordinate the base shear coefficient, C, where 
Vo = CW, and W is the total weight of the structure. For this type structure 
to be located in seismic areas (Zones 2 and 3 UBC), it is recommended that 
curve (1) with a maximum coefficient of 0.20 and a minimum of 0.08 be used 
for design, with C varying between these limits with the fundamental period: 
C =0.08/T. For these coefficients, a 2/3 increase in allowable working 
stresses above normal stresses is warranted, except that combined stress in 
compression in steel should be limited to 1/2 yield point or 1/2 the buckling 
stress the normal operating temperature, whichever is smaller. In most 
steel structures it is advisable to establish minimum thicknesses so that 
failure by buckling at stress below the yield point is not possible. For this 
purpose: 


t Yd 
0.24E 
where t = thickness, inches 


Y = yield point at operating temperature, psi 
d = diameter, inches 
E = modulus of elasticity, at operating temperature, psi 


Using these higher coefficients and higher working stresses results in better 
balanced design than is obtained using lower coefficients and lower working 
stresses. 
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Figure 9 shows the summation of the moment response at the base, curve 
(1), as a ratio k of the moment due to the distribution of the base shear by the 
Joint Committee formula: 

Wxhx 
x= Vo Lwh 
A design base moment reduction factor k given by curve (2), with kmin =0.50 
reflects reasonably well the summation of the responses. 


0.70 swith Kmax = 1.00 


ili Kmin = 0.50 


T, = fundamental period, sec. 


k= 


Conclusions for Uniform Stack-like Structures 
The steps in the application of the above criteria are: 
1. Calculate the weight W and fundamental period T, of the structure. 


. With the period, use curve (1) Figure 8, or the formula C = 0.08/T, 


with Cmax = 0.20 and Cmin = 0.08, to determine the base shear coeffi- 
cient, C. 


3. Determine the base shear by Vy = CW. 


4. Determine the pour curve for design by curve (2) Figure 4, or 
) 


Vo 


. Determine the base moment corresponding to the Joint Committee 
formula for distribution of the earthquake forces, Fy. For a uniform 
2h 


structure, this moment M' = V. = 
Oo 3 


. Determine the base moment reduction coefficient, k 


0.70 Kmax. = 1.00 


Vv T 
1 Kmin. = 0.50 


. Determine the design base moment Mo = kM) 


k= 


. Determine the design moment curve by the straight line curve (4) 
Figure 4: 


Tapered Stack 


Because the development of equations of shear and moment for the tapered 
stack is too involved and limited to particular proportions of the stack 
analyzed, recourse has been taken to an approximate solution. This has been 
applied specifically to a 450 ft. high reinforced concrete stack, with base 
mean diameter 38'-0'' and top diameter 17'-2''. The concrete thickness at 
the base is 24"' and at the top 7''. The total weight of the stack is 10 814 kips, 
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including lining, and is distributed as shown in Table II, which table also in- 
dicates the calculations of the design shear and moment curves for a unit 
shear by the Joint Committee criterion of design forces. 

The fundamental period, Tj, is 1.88 seconds, the second mode, T9 is 
0.526 seconds, the third, Tg is 0.263 seconds. The higher mode periods are 
based upon estimated ratios of T9/Ty = 0.28 and T3/Ty = 0.14, which are 
halfway between known corresponding ratios for cylinders and cones. Isada( 3) 
reports ratios of To/T, = 0.293 and T3/T, = 0.127 for the Clifty Creek stack, 
which gives some assurance of the validity of the assumption made here. 

The further assumptions are made that the one-mass systems specifically 
developed for the uniform stack are also applicable to the tapered stack, and 
that the deflection curves of Figure 3 also apply. It is believed that both of 
these assumptions are on the side of conservatism, in over-emphasizing the 
effects of higher modes. 

It has been stated earlier that the shape of the deflection curve provides a 
basis for the resolution of a given base shear into the earthquake forces on the 
structure. The force at any level x is proportional to the mass at that level 
and the deflection at that point. This results from two considerations: first, 
that the forces are proportional to the fourth derivative of the deflection 
curve which must have the same form as the equation for the detiection curve 
itself; and second, to satisfy the Newtonian equation of force being propor- 
tional to mass and acceleration, the latter in any mode is directly proportional 
to the amplitude of deflection. 

Utilizing the modal response curve, Figure 2, the base shears in the three 
modes for a unit total base shear are determined as 0.337 = Vy, 0.370 = Va, 
and 0.293 = V3. By resolving these into forces proportional to masses cor- 
responding to ten equal increments of height and the deflections in each mode 
at the center of these incremental heights, summing these forces algebraical- 
ly to obtain shears, calculating the moments from the top down, and finally 
adding the shears and moments in absolute values for the three modes re- 
sults in the response curves (7) of Figure 10 are obtained. Figure 10 also 
shows several suggested design criteria for shear and moments. 

From Figure 10 it may be concluded that for stacks of the proportions of 
this particular stack at least, the Joint Committee criteria for the shapes of 
both shear and moment diagram are reasonable. The tapered distribution of 
masses apparently makes this criterion check the summation of responses 
much better than is indicated for uniform stacks in Figure 5. The ratio of 
the sum of the modal base moments to the base moment for a unit base shear 
computed by the Joint Committee force distribution formula, is shown plotted 
on Figure 9. Lacking other points on this curve, it is recommended that the 


base moment reduction factor, k, be determined for tapered stacks conserva- 
tively by: 


k = 1.09 - 0.235 Ty with kmax = 1.00 


Kmin = 0.50 


If the base shear coefficient for rigid structures of period less than 0.4 
seconds is set at C = 0.20 (Curve (1) Figure 8) and if the modal response is 
conservatively considered to follow the formula: 


Cr = 0.08/Tpy 
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then the base shear response in the three modes is: 


0.08 
Vi = * 9-700 W = 0.0296 W 


0.08 
0.526 


Vo = x 0.215 W = 0.0328 W 


V3 = 0.200 x 0.085 W = 0.0168 W 


+ Vo +V3=Vo = 


Cc 0.073 


which substantiates the minimum value of C = 0.08 suggested for this type of 
structure, if rigid structures of equal risk value are to be designed for base 
shear coefficients of 0.20. 


Hence 


Conclusions for Tapered Stacks 


The first four conclusions enumerated for the application of the criteria 
for uniform stack-like structures apply to the tapered structures of the pro- 
portions of the 450 ft. stack studied. Subsequent steps are modified as fol- 
lows: 


5. 


Determine the base moment corresponding to the Joint Committee 
formula for Fx by arbitrarily dividing the stack into not less than ten 
equal increments of height and assuming the mass of these increments 
are centered at the mid-height of the increment (the calculation of the 
center of gravity of each increment can be made but is generally not 
warranted). From the corresponding F,,'s the shears, Vx and unre- 
duced moments, M',, can be calculated, including M) 


. Determine the base moment reduction coefficient, k 
k = 1.09 - 0.235 Ty Kmax = 1.00 

Kmin = 0.50 
7. Determine the design base moment Mp = kM) 


8. Determine the design moment curve by reducing the moments calcu- 
lated in 5 above by this same factor k 


! 
Mx = M! k 


Finally 


:- This analysis suggests some corroboration and some modification in the 
design recommendations of the Joint Committee for stack-like structures: 


1. The design peak response is indicated to occur at period T = 0.4 
second instead of T = 0.25 suggested by the Joint Committee. 


2. Ahigher range of base shear coefficients is suggested, but with higher 
working stresses (C = 0.20 to 0.08 with 2/3 increase in stress, instead 
of C = 0.10 to 0.03 with 1/3 increase in stress). This is admittedly a 

matter of judgment rather than subject to rigorous analysis. 
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3. A reduction factor (k) related to period has been introduced to calculate 
the reduction in base moment from that corresponding to design forces, 
instead of the Joint Committee arbitrary constant moment below 120 ft. 
from the top of the structure. 


4. For uniform stack-like structures the design bending moment should 


preferably have a straight-line variation from bottom to the top of the 
stack. 


M, = (1-7) Mo 


5. For tapered stacks, the shape of the design moment curve, M/M,, by 
the Joint Committee criteria is satisfactory. 


6. The shape of the design shear curve, V/Vo» by the Joint Committee 
criteria is satisfactory for both uniform and tapere © stacks. 
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Proceedings of the American Society of Civil Engineers 


WIND FORCES ON STRUCTURES: INTRODUCTION AND HISTORY 


John M. Biggs,! A. M. ASCE 
(Proc. Paper 1707) 


This paper is the Introduction to a group of papers prepared by the Com- 
mittee on Wind Forces of the Structural Division. 


FOREWORD 


The Committee on Wind Forces has for several years been working ona 
report to the Society the purpose of which is to assemble, correlate, and 
summarize existing information on the factors which determine wind forces. 
It is hoped that this report will provide a compact source of information ina 
form which will be of practical use to civil engineers. It is now presented in 
the following series of Proceedings papers: 


No. 1707 “Introduction and History” by J. M. Biggs 
No. 1708 “Nature of the Wind” by R. H. Sherlock 
No. 1709 “Fundamental Considerations” by G. B. Woodruff and 
J. J. Kozak 
No. 1710 “Forces on Enclosed Structures” by T. W. Singell 
No. 1711 “Plate Girders and Trusses” by W. Watters Pagon 
No. 1712 “Structures Subject to Oscillation” by F. B. Farquharson 


In combination these papers form a preliminary draft of the committee report. 
Discussion by Society members is invited in order to assist the Committee in 
writing the final version which will subsequently be published. 


Note: Discussion open until December 1, 1958. Separate discussions should be sub- 
mitted for the individual papers in this symposium, To extend the closing date one 
month, a written request must be filed with the Executive Secretary, ASCE. Paper 
1707 is part of the copyrighted Journal of the Structural Division, Proceedings of 
the American Society of Civil Engineers, Vol, 84, No, ST 4, July, 1958. 

a. Presented at meeting of ASCE, New York, N. Y., October, 1957. 
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INTRODUCTION 


Many structural failures have been caused by wind forces. Despite this 
fact civil engineers still employ general wind loadings for design which do not 
apply specifically to the form being considered and do not provide accuracy 
consistent with current knowledge of wind forces. In view of the advances 
made in structural theory, and the use of more refined design methods by 
structural engineers, the accuracy of the determination of forces on structures 
has become more important, 

The wind forces on any structure, or on any element thereof, result from 
the differential pressures on such elements caused by the obstruction to the 
free flow of the wind. Therefore these forces are functions of the velocity of 
the wind and of the orientation, area, and shape of the elements. Data as to 
the nature of the wind come from the science of meteorology; that covering 
the resistance of objects to the flow of the wind from the science of fluid me- 
chanics. Present knowledge in both fields results from experiments and 
analyses starting with Galileo(1) and Newton(2) and continuing until the 
present. 

The determination of wind forces on a structure is basically a dynamic 
problem. However, it has been conventional practice to treat such forces as 
static loads. This approach is satisfactory provided that the relationship be- 
tween the time variation of the wind and the natural frequencies of the 
structure is such as to cause an essentially static response. However, even 


in such cases, the engineer should be cognizant of the dynamic character of 
the problem, 


History 


The history of the investigations preceding 1894 has been fully covered by 
Bixby (3) and more briefly outlined by Fleming. (4) The more pertinent data 
covering engineering applications were outlined by Pagon, (5 More recent ad- 
ditions to the fund of knowledge have resulted indirectly from the development 
of the airplane. The wind tunnel provides a facility for measuring the forces 
resulting from the wind and advances in the field of fluid mechanics permit a 
rational interpretation of wind tunnel tests. Structural as well as aeronautical 
engineers are indebted to the research of the National Advisory Committee 
for Aeronautics. 

The early experiments of Duchemin(6) and Smeaton(7) formed the basis for 
generally accepted formulae for wind forces on structures. Those of Baker (8) 
in connection with the Firth of Forth Bridge had an important influence on 
bridge specifications. Wind tunnel tests started with those of Eiffel(9) on flat 
plates. These were followed by tests on various shapes. (10) 

Tests on models of buildings began with those of Irminger(11) in 1895, 
These were followed by others, the most extensive being those by Dryden and r 
Hill.(12) Other noteworthy investigations are those made in connection with 
the Empire State Building which included both model and field experi- 
ments13,14) A former committee of the Society prepared an extensive re- 
port on wind bracing in steel buildings which also recommended design wind 


loads.(15) More recent investigations include those at the Iowa Institute of 
Hydraulic Research, (16) 
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Turning to open frame structures, the tests on simple shapes were followed 
by tests on models of trusses and complete bridges by Prandtl and Betz(10) 
and by Flachsbart.(17) The research following the failure of the Tacoma 
Narrows Bridge has contributed to the knowledge of both aerodynamic and 
aerostatic forces.(18,19,20) More recent tests on complete bridge models 
were conducted at the Davis Taylor Model Basin for the Highway Research 
Board(21) and at the Massachusetts Institute of Technology. (22,23) 

, The greatest contributions in the field of meteorology have been the obser- 
vations and analyses of the United States Weather Bureau. Other investigations 
have provided data on the nature of the wind such as gust velocities, velocity 

; variation with height, and similar phenomena, (24,25) 

a. The Committee on Wind Forces has attempted to summarize in this report 

the information on wind forces which has accumulated through the years. 
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ABSTRACT 


Recommendations are given for the one-minute-average wind velocity ata 
height of 30 feet as the basic velocity of reference in different parts of the 

country and for different height zones. Supporting discussions are given on 
the subjects of the origin of strong winds, the general circulation of the at- 
mosphere, extra-tropical cyclones, hurricanes, and tornadoes. Storm obser- 
vations are reported for extra-tropical cyclones and hurricanes 


FOREWORD 


The Committee on Wind Forces has for several years been working on a 
report to the Society the purpose of which is to assemble, correlate, and sum- 
marize existing information on the factors which determine wind forces. It 

is hoped that this report will provide a compact source of information in a 
form which will be of practical use to civil engineers. It is now presented in 
the following series of Proceedings papers: 


No. 1707 “Introduction and History” by J. M. Biggs 

No. 1708 “Nature of the Wind” by R. H. Sherlock 

No. 1709 “Fundamental Considerations” by G.B. Woodruff and J.J. Kozak 
No. 1710 “Forces on Enclosed Structures” by T. W. Singell 

No. 1711 “Plate Girdus and Trusses” by W. Watters Pagon 
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In combination these papers form a preliminary draft of the committee re- 
port. Discussion by Society members is invited in order to assist the Com- 
mittee in writing the final version which will subsequently be published. 


Note: Discussion open until December 1, 1958, Separate discussions should be sub- 
mitted for the individual papers in this symposium, To extend the closing date one 
month, a written request must be filed with the Executive Secretary, ASCE. Paper 
1708 is part of the copyrighted Journal of the Structural Division, Proceedings of 
the American Society of Civil Engineers, Vol, 84, No, ST 4, July, 1958, 

a. Presented at Meeting of ASCE, New York, N.Y., October, 1957. 
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The wind possesses kinetic energy by virtue of the velocity and mass of 
the moving air. If an obstacle is placed in the path of the wind so that the 
moving air is stopped or is deflected from its path, then all or part of the 
kinetic energy of each filament of moving air is transformed into the poten- 
tial energy of pressure. The intensity of pressure at any point depends upon 
the shape of the obstacle, the angle of incidence of the wind, and the velocity 
and density of the air. This part of the report deals only with the wind ve- 
locities which should be considered by structural engineers, based on present 
information. It does not deal with the shape factors which may be appropriate 
for various conditions, since these will be evaluated in other parts of the re- 
port. 

If the air were always quiet, it would not be necessary for engineers to 
consider wind forces when designing structures. They would need to consider 
only the static pressure due to the weight of the air. However, the air is 
seldom quiet but flows, sometimes with great violence, under the influence of 
forces generated by heat from the sun, and the centrifugal forces resulting 
from the earth’s rotation. The wind may be defined as motion of the air 
caused by gravity, by deflective forces due to earth’s rotation, and by centri- 
fugal forces due to the curvature of the wind path. These forces are opposed 
by others arising from friction and viscosity. The air never flows witha 
perfectly smooth and streamline motion, but always with fluctuations which, 
when sudden and relatively brief, are called gusts. The masses of air in- 
volved in gustiness may simultaneously and in the same area cover a wide 
range of sizes from very small to very large. These fluctuations have verti- 
cal as well as horizontal components. 


Origin of Strong Winds 


Statistical studies of the records of wind observations in various parts of 
the United States show that the probability of strong wind is not the same in 
all geographical areas. The nature of the storms in which strong winds 
occur is better understood now than a few years ago when radar and the air- 
plane were not available for meteorological investigation. There is still 
much to be learned about the frequency of strong winds and the variation of 
wind velocity with height, but engineers cannot wait for perfect information, 
they must proceed on present knowledge and its implications. 

Wind forces acting on structures are significantly targe only during strong 
winds and these occur only during storms. In this report therefore only 
tropical cyclones, extra-tropical cyclones, and tornadoes are discussed since 
these are the storms which include the wind forces which are of interest to 
the structural engineer in his designs. 


General Circulation of the Atmosphere 


The general circulation of the atmosphere is the term applied to the aver- 
age movements of the atmosphere which, in the middle latitudes of the north- 
ern hemisphere are from west to east, and in the tropical latitudes, and 
sometimes in the polar latitudes, are from east to west. There is a popular 
impression that this is a predomiaantly regular condition of flow which is 
occasionally disturbed by storms or other local deviations that are not a 
necessary part of the general circulation. It is also thought that the warm 
air of the tropical regions rises, with a drift toward the poles and that the 
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cold air of the polar region sinks and drifts toward the tropics, and that these 
meridional movements are likewise predominantly regular. But these over- 

simplified views are not those which prevail today among meteorologists and 
physicists. 

It is true that in the tropics more heat is received from the sun than is 
lost through long-wave radiation into outer space, and that in the polar regions 
the reverse is true. It is also true that the dynamic balance requires a trans- 
fer of angular momentum vertically and horizontally within the atmosphere, 
and that the transfer of kinetic energy is continually taking place. But this 
dynamic balance, thermal and mechanical, is much too complex to be achieved 
by streamline flow. It requires a turbulent system in which the progression 
of the cyclones and anticyclones of the middle latitudes, for example, are 
cells of the necessary system of turbulence. If the velocities of the winds 
which occur at a particular location are averaged over a long period, as for 
example a month, or a season, the average thus obtained may be said to 
represent the general circulation of the atmosphere at that location. But to 
the structural engineer the high velocities of the passing storms are of 
greater importance. A short discussion is therefore given here of those com- 
ponents of the general circulation which give rise to strong winds, namely 
extra-tropical cyclones, tropical cyclones, and tornadoes. 


Extra-Tropical Cyclones 


A cyclone is best described by reference to a synoptic weather map, where 
the isobars are lines of equal barometric pressure, which, in this country, is 
expressed in inches of mercury reduced to sea level conditions. The wind 
direction is shown by arrows which fly with the wind. The circulation is 
spirally inward in a counter-clockwise sense around a cyclone, and is spirally 
outward in a clockwise sense around an anticyclone. 

As a cold air mass advances it is retarded by friction with the ground. The 
retardation is transmitted upward by the eddy-viscosity of the air, so that the 
upper cold front, to a height of several thousand feet, runs ahead of the cold 
front at the ground. The intervening vertical distance is filled with warm air 
over warm ground and since the cold, dry air aloft, is heavier than the warm 
air below, there is created a condition of instability where vertical mixing of 
the air takes place. The wind undergoes an abrupt shift in direction. High 
wind velocities are apt to occur in this region because parcels of the fast 
moving upper air sink and reach the ground before losing all of their excess 
forward momentum, or because the heavy fast moving upper air falls forward 
like breakers on an ocean beach. 

At the warm front the warm air ordinarily advances over the cold air ata 
slower rate and under conditions which promote stability and a tendency to 
stagnation of the air. There is therefore little or no wind of interest to the 
structural engineer in this region. 

The extra-tropical cyclones and anticyclones form a continuous procession 
in the middle latitudes, moving along paths which are approximately west to 


east. They cross the United States at the rate of about two cyclones per week. 


Each cyclone is usually accompanied by an anticyclone but this pairing is far 
from regular. The synoptic weather maps will frequently show an irregular 
cluster of cyclones which may merge into a larger cyclone as they move 

across the country. The same thing is true of the anticyclones. The shape of 
the anticyclones is not always regular and their relation to the preceding and 
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succeeding cyclones is indefinite. Nevertheless, the procession is a contin- 
uous phenomenon, especially in the winter and early spring. Some extra- 
tropical cyclones persist around the world. Some originate as hurricanes 
(tropical cyclones) which have moved northward from the tropics, as will be 
discussed later. Most of the storm winds to which structures in the middle 
latitudes are subjected occur in the southwest quadrant of passing cyclonic 
storms in the winter or early spring. 

Unfortunately, in some parts of this country, there has long been a tend- . 
ency to confuse the word “cyclone” and “tornado.” Tornadoes and hurricanes 
are cyclonic storms, but most cyclones are neither tornadoes nor hurricanes, 
which is fortunate indeed. 


Tropical Cyclones 


The continental areas of the United States are affected chiefly by those 
hurricanes (tropical cyclones) which originate near the Cape Verde Islands 
and in the Western Caribbean. There are also hurricanes which originate in 
the Pacific Ocean off the coast of Mexico and Southern California, but these 
storms move out to sea without affecting the areas of the United States. The 
number of hurricanes which have reached the U.S. Coast from 1887 to 1956 
is with an average of two per year and a range from zero to six per 
year. 

For the structural engineer it is especially interesting to note that current 
information regarding hurricanes seems to locate the most severe and dan- 
gerous turbulence below the main cloud formation, probably below 1,000 ft. 

It has vertical as well as horizontal components. It has been stated that this 
type of turbulence may become excessive at 500 ft. with winds over 80 knots 
(92 mph) and that it tends to disappear rapidly as the altitude increases. 
These observations are important to the structural engineer who must form 
some estimate of the variation of wind velocity with height near the ground. 
In the absence of detailed quantative measurements, made at heights which 
are important to structures located in the coastal areas which have experi- 
enced these storms, such qualitative observations are the best that are avail- 
able today. It may be hoped that quantative observations will be made in the 


near future using some of the higher towers now proposed or already built in 
southern coastal areas. 


Tornadoes 


Tornadoes have the most violent wind velocities which occur in the United 
States. Their occurrence is widespread in the eastern half of the country. 
Sometimes they are even found embedded in hurricanes. Fortunately the path 
of an individual tornado covers a relatively small area and although about 700 4 
were reported in the United States for the year 1954, the probability of oc- ‘ 
currence in a highly populated area, as in a city, is small. The peripheral . 
wind velocities are frequently estimated to be in excess of 300 mph, based on 
the damage done. This is a velocity-pressure of 230 psf, corresponding to an 
average design pressure, on a square flat plate, of 260 psf. 

No pretense is ever made that structures are designed to withstand such 
velocities. Nevertheless, it is sometimes a cause of amazement to engineers 
that structures which have apparently been in the direct path of a tornado . 
have, if well designed and well built, suffered only minor damage. Severe - 
damage to good buildings, when it occurs, seems to result from the explosive 
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release of air pressure within buildings when the very low pressure within the 
funnel suddenly envelopes them on the outside. 
No further consideration will be given in this report to the subject of tor- 


nadoes, since there is no present demand for the inclusion of their effects in 
specifications. 


Wind Velocities in the United States 


Wind codes must be based on a knowledge of the probability of occurrence 
of high wind velocities obtained from the statistical analysis of wind velocity 
records. The most voluminous records of this kind are taken from the ob- 
servations at the first-order stations of the U.S. Weather Bureau. These 
data are not homogeneous, however, since the stations have been located, 
until recent years, in cities where the height of the instruments and the de- 
gree of exposure were constantly changing with the erection of new, tall 
buildings, and where the air flow was sometimes distorted by the buildings 
upon which the instruments were mounted. In recent years the stations have 
been moved to airports where a more uniform degree of exposure exists. 
The proper interpretation of these long-time records requires expert and 
pains-taking study. 

It is desirable that code recommendations be based on some standard of 
reference, such as air flow in level open country, and that the influence of 
local shielding and unusual topography be evaluated by the designer in each 
individual case. 7 

Figure 1 is a map of the United States which shows, for each indicated 
area, the velocity of the fastest mile of wind which has been reduced by the 
one-seventh power law to a height of 30 feet above the ground. The velocities 
were derived by a statistical analysis of wind records for forty years. 2 


The Gradient Wind 


There is some height at which the influence of the ground friction, trans- 
mitted upward through eddy-viscosity, has a negligible effect on the velocity 
of the wind as it responds to the pressure gradient. At this height the pres- 
sure gradient is said to be dynamically balanced against two components e 
arising from centrifugal force, one due to the rotation of the earth and the 4 . 
other due to the curvature of the wind path. The wind velocity computed on 
this basis is called the “gradient wind.” There must be a transition from the 
surface velocity to the gradient velocity and this is referred to as the varia- 
tion of wind velocity with height. 


Variation of Wind Velocity with Height 


The factors entering into the variation of wind velocity with height are the 
pressure gradient, the mass density of the air, the angular velocity of the 
earth’s rotation, the geographic latitude at which observations are made, the 
curvature of the wind path, and the coefficient of eddy viscosity of the air. 
The equations mpeamng the relations of these variables have been derived 


by V. W. Ekman(®) and the resulting graphical representation is known as 
the Ekman Spiral. If the theory of the “mixing length” is used instead of the 
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coefficient of eddy viscosity, the Rossby(4) spiral is obtained. In this report 
the theory of the Ekman Spiral will be used as a framework on which to hang 
the results of observations in extra-tropical cyclones. 


Storm Observations 


In Fig. 2 there is shown the results of observations made during storms 
which were of sufficient intensity to be significant in the design of structures. 
Wind forces acting on structures are significantly large only during strong 
winds, and these occur only during storms. It is essential to know the type of 
storms during which the observations were made since the variation of wind 
velocity with height will be influenced by the type of storm and the terrain, or 
water area, over which the wind has passed. Long time averages which in- 
clude heterogeneous meteorological conditions can be very misleading. For 
example, at one end of the possible range is the temperature inversion, dur- 
ing which the atmosphere is so stable that there is little, if any, vertical 
mixing and the coefficient of eddy viscosity is correspondingly small. In that 
case there is little friction between the horizontal layers, and the velocity 
changes rapidly with height. It is not valid to use the rapid change of velocity 
with height which occurs in an inversion, when one is considering the varia- 


tion of storm winds with height. Storm observations should not be mixed with 
heterogeneous observations. 


Extra-Tropical Cyclones 


The curves A, B, and C, in Fig. 2, are based on observations made at the 
Scilly Islands in 1951. The velocities involved are too low to be significant 
in structural design but the curves are included to show conditions which may 
occur at the lower end of the range. 

Curves D, E, and F are based on data taken during a moderately intense 
storm at Ann Arbor, Michigan, on January 19, 1933, with the wind blowing 
across fairly level, open farm land. Line D shows the computed gradient 
velocity of 63 mph based upon the pressure gradient and curvature of the 
wind path as obtained from a specially constructed synoptic map. Curves E 
and F are Ekman spirals fitted to the data obtained at five stations on the 
250 ft. tower. The solid portion of the curve shows the range of the data 
within which the fitting was done, while the dash portion is extrapolated 
toward the gradient level. Curve E is for the fastest five minutes during the 
storm, and Curve F is for the fastest one minute which, incidentally, oc- 
curred during that same five minute period. In each case the extrapolated 
value of the gradient wind is shown for comparison with the computed value. 

The Ekman spiral postulates steady state dynamic conditions within the 
portion of the storm under consideration. If one accepts the theory of the 
Ekman spiral as applied to gusts it will be seen that the time required for 
the establishment of gust conditions suitable for the application of this theory 
is somewhere between one and five minutes. 

Curves G, H, and I are based upon data taken at Brookhaven, Long Island 
during the very intense storm of November 25, 1950. The wind was blowing 
over the ocean from the east and occasionally from the northeast. The sta- 
tion is located several miles inland from the coast. The intervening country- 
side is slightly rolling with a moderate amount of small tree growth. The 
observations were made with aerovanes mounted on a 410 ft. tower. The 
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points to which the curves are fitted are shown with “plus” marks. 

Line G shows the gradient wind velocity computed from the spacing and 
curvature of the isobars as shown in a special pamphlet for that storm pub- 
lished by the New York Office of the Weather Bureau. (9) The range of com- 
puted values for the gradient wind velocity was from 104 to 110 mph depend- 
ing upon whether the curvature of the wind path was based on the curvature 
of the isobars or on the wind direction as indicated by the arrows. Curve H 
is an exponential curve fitted to the maximum six minute average velocities 
at the four Brookhaven tower stations. The maximum velocities here shown 
are not coincidental for all stations, as were the data for curves E and F, but 
they are the highest values which were observed at each station during the 
storm. The observations varied in time by as much as 2.5 hours. 

Curve I is an Ekman spiral fitted to the peaks of this storm and extra- 
polated by dash lines to the gradient level. Although the fit of the spiral to 
the observed velocities is very good indeed, the accompanying value of 
gradient velocity is not in perfect agreement with the computed value. The 
period of time necessary to establish conditions appropriate for the applica- 
tion of the Ekman Spiral theory to these gust observations, lies somewhere 
between the period of the “peaks” and the period of six minutes. This agrees 
with the observations in the previous storm where the appropriate period ap- 
peared to lie between one and five minutes. 

It should be noted in the application of the Ekman spiral, that not only are 
steady state dynamic conditions assumed, but also that this implies that the 
portion of the storm under observation is a closed system or at least, that 
the addition of energy to this system from an outside source is just exactly 
sufficient to balance the loss of energy through friction and viscosity. During 
the early stages in the growth of an extra-tropical cyclone it is probably true 
that the system is gaining energy from outside sources sufficient to promote 
its development, and that during the mature stages of the cyclone the steady 
state conditions may be approximated. During the later stages when the 
cyclone is disintegrating the loss of energy no doubt exceeds the gain from 
sources outside the system. Under these conditions one would expect the 
theory of the Ekman spiral to fit the data best during the mature stages of the 
extra-tropical cyclone. 

Both the storm at Ann Arbor and the one at Brookhaven are extra-tropical 
cyclones of continental origin. The center of the first one traveled complete- 
ly across the country and out over the St. Lawrence Gulf in approximately a 
west to east direction. The second storm was very complicated. Its center 
originated in northeastern Tennessee, traveled south into Georgia, east 
through the Carolinas, and north into the northern portion of Virginia. Here 
the low pressure area divided and the western portion traveled up into the 
Ohio and Lake Erie regions where it executed a complete loop in the course 
of about 30 hours. It traveled through Pennsylvania and into New York State 
where it became very intense. 

The velocities in the second storm, where the wind passed over the ocean 
and into the coastal areas, increased more rapidly with height than in the 
first storm where the winds passed over level farmland. 


Hurricane Observations 


In the June, 1955 issue of “Weatherwise” there is a paper entitled “A Com- 
parison of Six Great Florida Hurricanes,” by Donald C. Bunting. (6) In this 
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paper it is stated that during the past seventy-four years there have been 
twelve Florida hurricanes which might be classified as great. Six of them, 
from September 1926, to August 1949, were selected for special analysis. 
Among other pertinent information is the computed “extreme gradient wind,” 
and for three of them, the observed one-minute maximum velocity. The ob- 
servations for each of these three hurricanes have been shown in Fig. 2. The 
maximum one-minute velocities, in the absence of definite information re- 
garding height of the anemometer, have been shown at heights from thirty to 
forty feet, and the gradient winds have been shown from 800 to 1,000 feet. 
The startling thing about these three computations is that in all of them the 
wind velocities must decrease with height. This is contrary to all experience 
in extra-tropical cyclones where the wind increases with height. It must be 
remembered however that the tropical cyclone is radically different from the 
extra-tropical cyclone in several respects, and that the assumption that any 
portion of the storm possesses a steady state dynamic condition in a closed 
system is not tenable without a great deal of additional information. A hurri- 
cane has been likened to a heat engine(7) which is constantly receiving energy 
from the water vapor which is being carried aloft from the tropical ocean. 
Energy is released in vast quantities when the vapor is condensed and falls in 
torrential rains. It is not impossible therefore that heat energy in great 
quantities becomes available at relatively low elevations, and is, at least in 
part, transformed into the mechanical energy of wind velocity. In the present 
state of knowledge on the subject this is merely speculation but it is also a 
plausible explanation for the apparently greater velocity at low than at high 
levels, 

On the other hand it must be recognized that, due to the limited number of 
stations on the coastal areas, and particularly the limited number of vessels 
at sea which can make adequate reports, the spacing and curvature of the 
isobars may be drawn only with considerable chance of error. Also, there 
must be considerable doubt that the same relationship prevails between the 
gradient wind and the surface pressure-gradients, as those which exist in the 
extra-tropical cyclones. The computed gradient wind velocity therefore must 
be accepted with considerable reservation. 

The observed surface velocity exceeds the computed gradient velocity in 
these cases by from thirty to more than fifty percent. It would seem that 
these are adequate margins for any errors that may be involved in the com- 
putation of the gradient wind, and that in the absence of definite velocity 
measurements aloft it would be safe to assume that the wind velocity in- 
creases only slightly with height or possibly decreases with height. Under 
such an assumption it is reasonable to disregard the variation of wind velocity 
with height in hurricane regions and to accept a constant velocity with in- 
creasing height. 


Recommendations 


1. All recommendations herein are based on conditions in open, level 
country as a standard of reference, and the influence of shielding, or of de- 
flections and channeling due to unusual topography shall be evaluated by the 
designer in each individual case. 

2. The effective ground (that is, the height in open, level country or its 
equivalent) at which local obstructions are unimportant, and which 


a 

7 

q 
7 
4 

- 
3 
4 

q 

a 

ag 

2 

4 

q 

24 

j 
| 


1708-12 ST 4 July, 1958 


approximates the height of anemometers now in use by the U.S. Weather 
Bureau in the first-order stations at airports, shall be taken at 30 feet. 

3. Basic wind velocity shall be defined as the fastest observed mile of 
wind, reduced to a height of 30 feet, based upon a statistical analysis of wind 
records over a period of 40 or 50 years, and as shown for various geographi- 
cal areas of the United States in Fig. 1. 

4. In special locations such as on promontories, or in hurricane areas, 
where records or experience show that the basic velocity given in Fig. 1 are 
inadequate, higher basic velocities shall be used at the discretion of the de- 
signer. 

5. A basic wind velocity of 75 mph or less shall be considered to come 
under the classification of an extra-tropical cyclone, and shall be assumed to 
vary in height in accordance with the one-seventh-power law up to a height of 
1000 feet above which a constant value may be used, as shown in Fig. 2. A 
stepped approximation may be used, as shown in Fig. 3 and Table 1. 

6. A basic wind velocity in excess of 75 mph shall be considered to come 
under the classification of a tropical cyclone wherein the wind velocity does 
not vary with height except that, in the range of basic wind velocities between 
75 and 124 mph the wind velocity shall be assumed to be constant up to a 
height where the one-seventh-power law, starting from a basic velocity of 
75 mph, controls. This provision is intended to cover the case of a hurricane 
coming ashore and taking on the characteristics of an extra-tropical cyclone. 
A stepped approximation may be used, as shown in Fig. 3 and Table 1. 

7. Appropriate gust factors shall be used for structures which are small 
enough to be responsive to gusts of less than one minute duration. The gust 
factor should bear some relation to the minimum size of gust necessary to 
envelope the structure and the surrounding pattern of flow. A gust factor of 
1.3 will allow for approximately one-second gusts which, in a 60 mph basic 
wind, would have a length downwind of about 90 feet. This will be adequate 
for sign-boards and small residences. A gust factor of 1.1 will allow for ap- 
proximately 10-second gusts which, in a 60 mph basic wind, would have a 
length downwind of about 900 feet, and which is adequate for structures having 
a horizontal dimension of 125 feet. 

8. Guyed towers shall be designed for the a load effects of aerial jets 
and descending gust fronts, as indicated in Fig. 4,( 
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WIND FORCES ON STRUCTURES: FUNDAMENTAL CONSIDERATIONS 


Glenn B. Woodruff, ! M. ASCE and John J. Kozak,2 A. M. ASCE 
(Proc. Paper 1709) 


FOREWORD 


The Committee on Wind Forces has for several years been working ona 
report to the Society the purpose of which is to assemble, correlate, and 
summarize existing information on the factors which determine wind forces. 
It is hoped that this report will provide a compact source of information in a 
form which will be of practical use to civil engineers. It is now presented in 
the following series of Proceedings papers: 


No. 1707 “Introduction and History” by J. M. Biggs 

No. 1708 “Nature of the Wind” by R. H. Sherlock 

No. 1709 “Fundamental Considerations” by G. B. Woodruff and 
John J. Kozak 

No. 1710 “Forces on Enclosed Structures” by T. W. Singell 

No. 1711 ‘Plate Girders and Trusses” by W. Watters Pagon 

No. 1712 “Structures Subject to Oscillation” by F. B. Farquharson 


In combination these papers form a preliminary draft of the committee re- 
port. Discussion by Society members is invited in order to assist the Com- 
mittee in writing the final version which will subsequently be published. 


INTRODUCTION 


Wind forces on any structure are the sum of “aerostatic” forces resulting 
from the change in velocity pressure plus friction between the air and the 
structure, and periodic, alternating “aerodynamic” forces. Generally the ef- 
fect of friction is minor so that the main aerostatic forces result from the 


Note: Discussion open until December 1, 1958, Separate discussions should be sub- 
mitted for the individual papers in this symposium, To extend the closing date one 
month, a written request must be filed with the Executive Secretary, ASCE, Paper 
1709 is part of the copyrighted Journal of the Structural Division, Proceedings of 
the American Society of Civil Engineers, Vol, 84, No. ST 4, July, 1958, 


1. Cons. Engr., San Francisco, Calif. 
2. Senior Bridge Engr., State Div. of Highways, Bridge Dept., Sacramento, 
Calif. 
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change in velocity and direction of the filaments of the wind stream as may 

be necessary for them to pass the structure. In most cases the aerodynamic 
forces have such small magnitude that they may be neglected in design. They 
become important in the case of flexible structures such as stacks, suspension 
bridges, and transmission lines. 


Aerostatic Forces 


Wind forces, though dynamic, can be assumed static for most engineering 
structures. The designer must determine or obtain from specifications the 
assumed wind forces. This section will be concerned with the variables which 
determine the magnitude of these forces. 

When any object is immersed in a wind stream which may be considered 
as a number of parallel filaments, it is necessary that some of these filaments 
change their direction and their velocity in order to pass the object. For an 
ideal fluid, by Bernoullis theorem, 


1 1 
+ Po = 5 PV +P 


in which v, and p, are the velocity and pressure of the approaching free 
system and v and p those at any point on the object. Thus the sum of velocity 
and static pressures at all points equals the velocity pressure at points away 
from the obstruction. Where the velocity becomes zero, as at the center of a 
square, the static pressure equals the velocity pressure in the free stream. 
At the edges and in the lee of the square the velocity becomes greater than 
that of the stream, hence a negative pressure is developed. 

Additional forces are produced by friction between the wind and the object. 

It is generally convenient to use the horizontal and vertical components of 
the wind force, so that 


Horizontal force (Drag) = Cp q A 
Vertical force (Lift) =Cy,qA 


When the resultant force is not at the center of gravity, a moment results 
from the total wind force times the eccentricity. Fig. 1(d) shows the case of 
a plate inclined to the wind. 


M = ehgA = C,,gA 


The values of these coefficients must be determined by experiment. 
The magnitude of the drag and lift vary with: 


a. Geometrical form of the object. 

b. Position of the object in the wind stream. 
c. Friction effects. 

d. Toa limited extent, the size of the object. 


Geometrical Form 


An object, “stream-lined” symmetrically with the direction of the wind, 
produces little change in the velocity of any of the wind filaments; hence the 
principal effects arise from friction; the drag is small and the lift (neglecting 
the effects of alternating vortices) is zero. An air foil is so shaped that at 
its top the velocity is high, resulting in a reduction of pressure thereby 
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producing a large lift. As compared to streamlined objects, greater velocity 
changes are involved when the object is “blunt” and, consequently, higher drag 
coefficients result. The wind forces on any object are affected as conditions 
change the pattern and velocity of the wind. Consider the thin rectangular 
plate, Fig. 1(a). If the plate is infinitely long, i.e., the aspect ratio, A = 4/h, 
infinite, the wind can escape only over the two edges. The pressure and 
suctions are shown by Fig. 1(a). The summation of pressures and suctions 
equals the drag, CpqA. 
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For a square, an aspect ratio of unity, the wind can escape around all four 


sides with the result that the pressures and suctions are, and therefore the 
drag is, reduced. For intermediate aspect ratios, the drag coefficients are 
as shown in Fig. 1(b). A comparatively high aspect ratio is required for a 

material increase of drag above that shown for the square. 


Drag and lift coefficients for several typical structural shapes are shown 


in Fig. 2. 


With a circular disc the air flow is uniform around the periphery. Conse- 


quently, the drag coefficient is reduced, as compared with the square, to 1.11. 


The suction on the rear face of the plate is the larger factor in the total 


drag. When, for any reason, this suction is reduced, there is a decrease in 
the total drag. An example is the parallelopiped (Fig. 1(e)). As b/h is in- 
creased, the air flow becomes more streamlined with a resulting decrease in 
the suction and total drag. 


Another example is that of placing the plate on the ground (see Fig. 1(c)) 


so that, with infinite aspect ratio the escape is over the top only. The total 
pressure on the front face is again 0.60 qA. However, the suction is reduced 


and the total drag is reduced to the values shown. 

If the plate be perforated the “solidity ratio”, @, is the ratio of actual to 
the gross area. The drag becomes a function of ¢ as well as of the aspect 
ratio (See “Bridges and Open Frame Structures”). 


Shielding 


When two plates or lattice structures form the obstruction, the leeward 
plate is “shielded” by the windward one. When the spacing, b, is infinite, it is 
evident that the case is two separate plates. 

The degree of shielding is a function of the spacing between the structures, 
the solidity ratio and the angle of attack, either horizontal, vertical, or both. 
This subject is discussed in “Bridges and Open Frame Structures”. 


Position of the Object in the Wind Stream 


In general, the wind does not strike the immersed object perpendicular to 
any of its axes. The wind may have a vertical angle of attack, possibly as 
much as 20° from the horizontal. For design, 15° is recommended. The hori- 
zontal angle of attack may be of any amount. 

Fig. 1(d) shows a plate inclined to the wind. For aspect ratios 1, 3, and 6, 
coefficients of drag, Cp, lift Cy,, and the eccentricity, e, are shown. On the 
front face, the pressure is maximum at the leading edge and falls to negative 
values at the trailing edge. The suction is higher at the leading than at the 
trailing edge. In addition to the drag, the resultant of the forces has a 
moment about the plate center line. 
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Friction Forces 


In the examples above given, the forces were a result of the change of ve- 
locity. Additional forces result from friction between the air and the im- 
mersed object. Obviously, the amount of this friction varies with the surface 
roughness of the immersed body, but, for most civil engineering structures, 
this is of less consequence than the shape of the body, so that it becomes 
possible to consider the effect of Reynolds Number, R, only. 

Reynolds number is the ratio of the inertial force to the viscous force 
which a fluid stream exerts on an object. The inertial force is the product of 
dynamic pressure and area, and the viscous force is the viscous drag or 
friction between the fluid and the object. 


pv2h2 
vh2 


h 


Mathematically, Reynolds number is 6380vh (9400Vh), h being any scalar di- 
mension in feet, e.g., the diameter of a cylinder or the height of a plate. 

The variations of the drag coefficient with Reynolds Number are shown on 
Fig. 3. Some comments on this figure are: 


a. Experimental data are lacking for Reynolds Numbers much greater 
than 1,000,000. For comparison, a circular stack of 20-ft diameter 
with a velocity of 60 mph has an R of 11,300,000. There is little reason 
to believe that there is material change in the drag coefficient above 
R = 1,000,000. 

b. The drag coefficients for streamlined objects, e.g., cylinders, tanks, 
etc., show a large decrease at the critical Reynolds Number of about 
500,000. 

c. No such change occurs for bodies with sharp corners such as bridges 
and buildings. In these cases, the boundary layer is forced to separate 
from the body at the sharp corner instead of separating at variable 
distances behind the leading edge. Hence, Reynolds Number has little 

effect on “blunt” objects. An exception to this is the drop in coefficients 

for flat plates in the range R = 1000 to 3000 which may have some ef- 
fect in tests on small models at low velocities. 


Size Effects 


Most tests have been made on comparatively small models. Pagon(1) cites 
examples where there was a moderate increase in drag coefficients with in- 
crease in dimensions. For example, for large squares Cp becomes 1.28 in 
place of 1.12 as shown by Fig. The difference is small compared with the 
other uncertainties of wind forces. 

In the foregoing the basic principles leading to the determination of wind 
forces on structures have been outlined. The application of these principles 
to various forms of structures follows in later sections. The designer should 
bear in mind that: 


a. The forces are not uniform over the exposed area. Suction as well as 
pressure may exist. 
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b. The forces may act in such a way as to produce considerable torsion in 
a building frame. 


c. Lift and Moment may be of consequence. 


Aerodynamic Forces 


The dynamic action of wind on structures can become important when the 
following conditions exist: 


a. The structure is free to move. 

b. An exciting force is produced by the wind. 

c. The cross section of the structure is such as to promote the discharge 
of vortices or to have unstable lift or moment characteristics. 


Three major types of dynamic action are described below. 


Vortex Effect 


An alternating force is produced by the wind as a result of the discharge of 
vortices in the wake of a body. The wake of most bodies up to Reynolds 
Number of 100,000 (Approx.) is composed of a pattern of regularly discharged 
vortices (See Fig. 4). The rate at which these vortices separate from the cy- 
linder in joining the wake is of great significance in many situations involving 
vibration in fluid flow. 


The equation defining the dimensionless Strouhal Number, which is a 
function of shape, is 


s 


where S is the Strouhal Number, f is the frequency of discharge, d is the 
transverse dimension of the body, and v is the wind velocity. 

For any given shape, S is approximately constant over a large range of 
Reynolds Number for all shapes with sharp edges. For circular cylinders 
and shapes with rounded edges the value of the Strouhal Number has been re- 
ported to have increased rapidly in the region where Cp drops sharply with 
increasing Reynolds Number. 

Below a Reynolds Number of about 200,000 the vortex discharge is governed 
by the Strouhal Number. Therefore, within such range, the maximum ampli- 
tudes occur when the rate of vortex discharge synchronizes with the natural 
frequency of the vibrating cylinder. 

With Reynolds Number above 200,000, e.g. (the base of vibrating stacks), 
the frequency of vortex discharge is (or slightly less than) that of the natural 
frequency of the cylinder. Probably in this range, the Strouhal Number has no 
significance. Moreover, in this range the amplitudes are far from constant. 
The reason for this has not been established. 

Fig. 5 contains values of the Strouhal Number for a series of structural 
shapes. In order to compute the wind velocity at which a structure, or a 
portion of a structure, will vibrate at maximum amplitude, only the natural 
frequency of the structure and the Strouhal Number are needed. 

At the moment a vortex leaves a cylindrical body the velocity of the flow 
past that side of the cylinder is a maximum and, according to Bernoulli, the 
pressure on that side will be a minimum. The cylinder is thus subjected to 
an alternating force in a direction perpendicular to the flow. 
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Den Hartog has suggested that the intensity of the alternating force be writ- 
ten as: 


y2 
Fy = Cy Ps A 
where F, is the Karman force, Cy, a dimensionless coefficient which he sug- 
gests may be called the Karman coefficient, and A is the projected area of the 
obstacle (perpendicular to the stream). 

Steinman\2) gives a value of 1.71 for C, of a circular cylinder with R be- 
low 200,000. The corresponding value of C, for larger Reynolds Numbers has 
not been definitely established. From the tests reported by Price(3) it is evi- 
dently much smaller, probably in the general order of 0.65. 

The value of Cy mentioned above is based on the assumption that the cylin- 
der is at rest. If the cylinder vibrates the intensity of the transverse force is 
greater than for the cylinder at rest. 


Action Producing Negative Slope to the Lift Curve 


For an object accelerating vertically in a horizontal stream of air which is 
constant in velocity and direction, the effective vertical angle of attack is 
changing. Accompanying the change in vertical angle is a variable component 
resulting from the action of wind on the object. 

When the vertical force decreases for a positive change in @ and increases 
for a negative change ina, energy from the wind increases and damping is 
negative. Fig. 6 shows a plot of C; against a. At all angles of attack where 
the slope of the lift curve is negative a tendency to oscillate in a vertical or 
bending mode will exist. 

Similarly if torsional oscillation is possible, static tests of a model will 
reveal a negative slope when moment is plotted against angle of attack. 


Flutter 


Flutter is action which results from the coupling of a vertical and a 
torsional motion. In general, this condition involves a coupling of vertical 
and torsional modes of similar wave form and of not greatly different natural 
frequencies. Further discussion of this type of dynamic action is found in 
“Structures Subject to Oscillation”. 
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WIND FORCES ON STRUCTURES: FORCES ON ENCLOSED STRUCTURES* 


Thomas W. Singell,! A.M. ASCE 
(Proc. Paper 1710) 


FOREWORD 


The Committee on Wind Forces has for several years been working on a 
report to the Society the purpose of which is to assemble, correlate, and 
summarize existing information on the factors which determine wind forces. 
It is hoped that this report will provide a compact source of information in a 
form which will be of practical use to civil engineers. It is now presented in 
the following series of Proceedings papers: 


No. 1707 “Introduction and History” by J. M. Biggs 

No. 1708 “Nature of the Wind” by R. H. Sherlock 

No. 1709 “Fundamental Considerations” by G. B. Woodruff and J. J. Kozak 
No. 1710 “Forces on Enclosed Structures” by T. W. Singell 

No, 1711 “Plate Girders and Trusses” by W. Watters Pagon 

No, 1712 “Structures Subject to Oscillation” by F. B. Farquharson 


In combination these papers form a preliminary draft of the committee re- 
port. Discussion by Society members is invited in order to assist the Com- 
mittee in writing the final version which will subsequently be published. 


SYNOPSIS 


Recognizing that the civil engineer needs to know more about the aerody- 
namic characteristics of structures, this paper analyzes the work of past and 
present investigators and correlates data relating to shape coefficients for 
various building shapes. Included is a series of tables from the Swiss 


Note: Discussion open until December 1, 1958, Separate discussions should be sub- 
mitted for the individual papers in this symposium, To extend the closing date one 
month, a written request must be filed with the Executive Secretary, ASCE, Paper 
1711 is part of the copyrighted Journal of the Structural Division, Proceedings of 
the American Society of Civil Engineers, Vol, 84, No, ST 4, July, 1958, 


a. Presented at a meeting of ASCE, New York, N. Y., October, 1957. 


1. Product Manager, Building & Hangar Div., Dresser-Ideco Company, 
Columbus, Ohio. 
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Building Code which is the latest and most extensive data published. It is 
hoped this paper will assist the civil engineer in establishing more logical “ah 
design criteria for proper economy and safety in structures. 


INTRODUCTION 


A review of many building codes and specifications for the structural de- 
sign of buildings reveals that surprisingly little interest is taken in the 
proper application of wind forces even though there is available to the civil : . 
engineer experimental data upon which to build a consistent theory and which - 
will correlate much of the phenomena of wind force problems. 

In order to establish a logical basis for design, an examination of all avail- 
able research data, to that date, was made by Sub-Committee 31 of the 
American Society of Civil Engineers.{27) The experimental data utilized in 
that study were those made available by Allard, Arnstein, Bounkin and 
Tcheremoukhin, Coupard, Dryden and Hill, Eiffel, Flachbart, Irminger and 
Ngkkentved, Junkers, Schoemaker and Wouters, Smith, Sylvester, and 
Vandeperre. The results of the above study were later incorporated into a 
final report of Sub-Committee 31(32) which recommended actual pressures 
and suctions to be used in design rather than shape coefficients which could 
be used with any geometric configuration of the structure after the design 
velocity had been selected. It is believed that it would be helpful to the civil 
engineer to start with appropriate shape coefficients for structures so that ; 
consistent design loads could be obtained for areas subjected to winds which ee 
may be greater than the averages established for the country as a whole. For 
the Eastern coast and the Southeast section of the United States, where winds E 
of hurricane velocity are common, it is believed that a more detailed knowl- 
edge of the aerodynamic characteristics of structures would be most useful 
in arriving at logical criteria for design while at the same time being cog- 
nizant of economy in design of structures and proper factors of safety. 


Velocity Pressure 


Velocity pressure is the product of one-half the air density and the square 
of the resultant design velocity, the units being self-consistent, and represents 
the kinetic energy per unit volume of moving air. For an air density of 
0.07651 lb. per cu. ft., corresponding to 150 C at 760 mm of mercury, and 


velocity V expressed in miles per hour, the velocity pressure in pounds per . 
square foot is given by 


q = 0.002558 v2 


For the esternal forces on buildings with plane surfaces normal to the wind 
the total combined pressure on the outside of the windward and leeward faces 
of an average building may be 1.3 q(32) of which .8 q is the pressure on the 
windward wall and .5 q the suction on the leeward wall. The 1.3 represents 
the shape coefficient for the case of vertical walls normal to the wind direc- 
tion. Therefore, 


p=qxC=qx 1.3 = .0033 v2 
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On the basis of the above equation the wind velocity corresponding to a total 
wind pressure of 20 lbs. per sq. ft. is 77.8 miles per hour. The velocity 
pressure for this velocity is 15.5 lbs. per sq. ft. 

For external forces on buildings having inclined or nonplanar surfaces the 
total design pressure can be determined by using an appropriate shape coef- 
ficient. Having established the design velocity corrected for height and gust 
effects according to Paper 1708, the total design pressure for a building will 
be the product of the velocity pressure and the shape coefficient. 

The above wind force to be assumed in design is to be taken as the applic- 
able external wind force only in the case where the building is airtight. Such 
a condition will rarely arise. Normally, air leakage due to small openings 
around windows, doors, skylights, and eaves will give rise to a net external 
pressure or suction depending on whether the openings are chiefly in the wind- 
ward or leeward surfaces. Where openings are of substantial size, such as 
hangars, the internal wind pressure may be of considerable magnitude. The 
shape coefficient for this condition should include the summation of the inter- 
nal pressure and the external suction for the particular geometric configura- 


tion of the structure. 
Shape Coefficients 


A) A. S. C. E. Data 


In the Fifth Progress Report of Sub-Committee 31 of the American Society 
of Civil Engineers(27) are reported pressure coefficients for rounded and 


gable roofs based on the rise ratio p for rounded roofs and @, the slope of the 


roof for symmetrical gabled roofs. 
Pressure Coefficients - Rounded Roofs 


For rounded roofs where r = ; and on the windward quarter arch of the 


roof a pressure as follows: 


1, Roof resting on elevated supports, where r is equal to or greater than 
0.25 


p=(2.8r-.7)q 
2. Where the arc of the roof starts from ground level, a pressure of 1.4 rq. 
Suction Coefficients - Rounded Roofs 


1, For suction loading and applicable to rounded roofs resting on elevated 
supports with rise ratios, r, less than 0.20 a suction of .9q. 


2. For values of r between 0.20 and 0.35 
p=(2.1-6r)q 


3. For the central half of the roof arc and for either type of support, a 
suction of, 


p -(r 40.7) q 


When r = 0, that is, for a flat roof, a suction of .7 q is to be considered 
as applied to the entire roof surface. 
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4. On the leeward quarter of the arc of the roof, for all values of r greater 
than zero, and for either type of support, a suction of .5q. 
These coefficients are shown graphically on Figures 2 and 3. 


Coefficients for Gable Roofs 
For windward slopes: 


1. For slopes 20° or less, suction of 0.7 q 

2. For slopes between 20° and 30°, suction of p = (0.070 - 2.10) q 

3. For slopes between 30° and 60°, a pressure of p = (0.036 - 0.90) q 
4. For slopes steeper than 60° a pressure of 0.90 q 


For leeward slopes: 
A suction of 0.60 q in which @ is the roof slope in degrees. 
These coefficients are shown graphically on Figure 1. 


B) Swiss Tests 


A series of wind tunnel tests on building models was recently made in 
Switzerland and results were incorporated in the Swiss Building Code.(45) 
Table 2 has been reproduced in this report with only the symbols corrected 
to conform to those being used in this report. The Swiss data is the latest 
and best data that would be found and it is hoped that the force coefficient data 
will be of real use to civil engineers. 

For symmetrical gabled roofs and with the wind direction normal to the c 
sidewall the general coefficients are as follows: ho 


For length to width ratio ; = §/2 to 2/5 


and width to height ratio“ = 3/2 to 2/3 


b 
Windward wall : Cpa=/0.9 
Leeward wall : Cpa=- 0.5 
Endwalls Coa=s - 0.7 


Leeward roof slope : Cpa=- 0.7 a 
Windward roof for 4 
@ between 0° and 20° Cpa = - 1.0 : 
@ between 20° and 50° Cpa = wo (5 @ - 200) 


6 between 50° and 90° Cpa = 


The above coefficients are shown graphically in figure 1. 


C) Danish Data 


In the Danish Building Code(46) are reported coefficients for symmetrical 
gable roofs as follows: 


Windward wall : Cpa=/ 1.0 
Leeward wall : Cpa= -0,2 


q 
: 


n 
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TABLE 2 


CLOSED HALLS 


STANDARD HOUSES 


EXT PRESS COEF Cpa FOR = 


|} Bla |e ic |o je 
|ro9 |-06 |-06 |-07 |-07 |-05 |-08 | 
15° [toa [0.5 |-07 |-05 |-07 |-06 |-05 | 

[48° |-0.5|108 |-05 |-08 |-08 |-05 | 


— 


INT PRESS COEF CpiFORG | 45° 
MAINLY ON SIDE A 


ROOFS 0-3° EXT PRESS COEF Cpa FOR hibil = 1'4:4 
ise |-05 |-07 |-o8|-o2 |-03 | 
[asehos |-04|-09 fos |-06 
| DETAILS Cpg”= - 2.0 «N"Cpa= -1.0 
B, sels | INT. PRESS COEF Cp,FORB = | O° | 15° | 45° * 
| OP'N'GS MAINLY ON SIDE A _|+08 |+0.7 
H OP'N'GS MAINLY ON SIDE A 0.7 
ROOFS 0-10° 
h 
| 
L 
4 | _ | 
D 
| 
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TABLE 2 (CONT'D) 


TALL BUILDINGS CLOSED 
ROOFS O-15° EXTERNAL PRESSURE COEFFICIENT Cpa FOR hib'L= 
[LB IH | 
[o7 |-08 |-0.8 |-08 | 
|-0.5 |-0.9 |-0.6 |-0.8 |-0.8|-07 |-0.7| 
45° [0.5 | 0.7|-0.7|-05) 


| DETAILS wM"Cpa"=-I.0 uN"Cpa = -0.8 


INTERNAL PRESSURE 
COEFFICIENT Cp, FOR 


OPENINGS UNIFORMLY DISTR. [$0.2 |10.2 |+02| 
on swe bos bo 


CLOSED HALLS 


4 EXTERNAL PRESSURE COEF. INTERNAL PRESSURE 
bl = 18:16 COEFFICIENT Cp, 


q 
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TABLE 2 (Cont'd) 
STANDARD HOUSES 


PRESSURE COEF. INTERNAL PRESSURE 
= 2.5:2'5 COEFFICIENT Cp, 


COEF INTERNAL PRESSURE 
COEFFICIENT Cp, 


[SIDE A MAINLY 


EXTERNAL ee INTERNAL PRESSURE 
Cpa COEFFICIENT Cp, 


D 
hi FIG|H DIR. OF WIND 
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TABLE 2 (Cont'd) 


TALL BUILDINGS CLOSED 


EXTERNAL PRESSURE COEF INTERNAL PRESSURE 
| Cpo = 2:1-2 COEFFICIENT Cp; 


DIR. oF wino/? = |o 
OP'N'GS 


= 


45 


O| DETAIL «m"Cpa=-12 4 
SHEDROOF 
3 EXTERNAL PRESSURE COEF INTERNAL ‘PRESSURE 
COEFFICIENT Cp; 
| a NEI jofe Fic] DIR.OF WINDA=|0" 90 
2 °° -06 OP'N'GS UNIF 
-0.6 10.4 O7|-1.1 |-O7|| SIDE A MAINLY 03) 
+ 
90 +0.4|-03 10.9 0 0 tar 
+ 
DETAILum™ Cpa =-14 ROOF EF " lo | 
10 EXTERNAL PRESSURE COEF. INTERNAL PRESSURE 


COEFFICIENT Cp 
[DIR.OF WIND 80) 


% 


| 
j q 
b hy 
Mir 
60 IC G |H 4 
| O° |10.9-0.5|-06 |-06 108/106 |-0.5|-05 a 
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TABLE 2 (cont'd) 
SAWTOOTH ROOF 
| | OIR-EXTERNAL PRESSURE COEFFICIENT Cpa FOR h'b'L = 1'4'5 
-0.4+0.3 
-0.4/-0.2 |-0.5 
-04/-0.4 | 
"0.6/0.6 | 
45° |90° |180"| 
£0.2|t02 
__ 0.4/0.5 0.2 | 
_ “03/03 10.8 ic 
“03 -02| 


| 
0 |-0.4|-05-05 | 
4 


INTERNAL PRESSURE 
COEFFICIENT Cp, FOR WIND DIR. 3 = = 


PENINGS UNIFORMLY DISTRIBUTED 


CLOSED CONNECTING PASSAGE 
EXT. PRESS. COEF. Cpa| INT.PRESS.COEFCp, _ 


h 


4 | 
EXTERNAL PRESSURE COEFFICIENT Cpo = 1:3°4 
90° |-0.5|+0.9| -0.4-08) 04 -08|-04 =0.4 |-0.4/°1.0 |-0.4! 
DETAILum” Cpa=-1.1 DETAIL Cpa=-1.5_ | 
N 
N _| | OPENINGS MAINLY ON SIDE +08 10.4/-04 
FOR OBJECTS |OPNGS UNIF DISTR. FOS 
BETWEEN LARGE WALLS|OP'N'GS MAINLY SIDE A 
Loe —»—  c}i3 4 
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TABLE 2 (Cont'd) 


CLOSED BUILDINGS ROOF VENTS 
14 


ROOFS 20" EXTERNAL PRESSURE COEFFICIENT Cpa bib =I 148 


0° |-06|-05|- 
45 o| 
90° 
DETAIL«m’cpe = -1.2 
INT. PRESSURE COEFFICIENT Cp, = | 0° 
‘VENTS ATF&J CLOSED 


OPEN 
FONLYOPEN 


BUILDINGS OPEN ON ONE SIDE - 
ROOF 30° PRESSURE COEF CpFORNd x ‘Ter ms OPEN 
J 


shoal 


jale F /H 
|-0.4}- 
-0.4 06 


108 


-05 08 |-03|-04 


a 
q 
4" | ip 4 
D 
ai 
| | | | = — = = 
604 +0.3|-07 4|-0 4|-0.3|10.2|-06|102 
| PRESSURE COEF CpFORN b 1END WALL OPEN 
all all 48 
4 F F 90 | 
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TABLE 2 (Cont'd) 


BUILDINGS OPEN ON TWO SIDES 
ROOFS 30° 


PRESSURE COEF CpFORh'b'L=!'2'4 2LONG WALLS OPEN 


-O7 |-0.4 |-0.2|-07 
+0.5 |-0.4 |-0.1 


GRANDSTANDS OPEN THREE SIDES 


ROOF -5° PRESSURE COEFFICIENT Cp FRONT & 
BACK OF WALL 


BOFH 
-07| 
[45° |-1.0 |+0.7|-07 04/05/08 

|-07 | 1.0, 


“py w 


1 os 
ATB 45° DETAIL OF ROOF. CBporrom = 


| 
| ATB= 60° DETAIL OF WALL.m* wePx “1.0 = +10 
= ATB =90° TANGENTIAL ACTING FRICTION 


: 
|+0.5 |-0.4 |-0.4| 0 |-03|-06| 0 | 
For Fos [03 | 
>a | 2 PRESSURE COEF CpFORh:b:L=!:2:4 2 END WALLS OPEN 
D 
1 J | 
Ff 60° |END DET C+07,4=-O6END DET e106 f:-08 
= 
0.9| | |-05 
| [45° hos 
| 10.4 
| -0.3/'0.9 
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TABLE 2 (Cont'd) 
SHELTER ROOFS 


PRESS. COEF Cp ROOF-30° PRESS. COEF Cp 
f8+0°48%A-D FULL LENGTH A c EFFECT OF TRAINS 
A +90°A-D PART LENGTHL OR STORED MATERIAL 


60°. 48° 180 A-DFULL LENGTH 


*90°A-D PART LENGTHL 


RooF-30° 


_ END SURFACES 
J K L M 


“0.4 ‘03 


PRESS. COEF Cp 
LENGTH 
#=90A-D PART LENGTHL 


L_|M | 
0.3 


PRESS. COEF. Cp 
EFFECT OF TRAINS 
OR STORED MATERIAL 


To" 3 A-DFULL LENGTH 
*90°A-D PART LENGTH 


Als =45° DETAILS.«m “Chror:- 1.0, Cpeot+0.4 DETAILS.” 
ATB= rex 90 TANG. ACTING FRICTION R= Olqtlib | ATB= O- 180 END SUR FRICTION LOAD AS 20 


10° PRESS.COEF Cp 


45 A-DFULL LENGTH 


= (2:90 A-DPART LENGTH ONLY’ 


D 


VALID ONLY FOR 
SMOOTH BOTTOM 
SURFACES B-D 


PRESS. COEF Cp 
* EFFECT OF TRAINS 
OR STORED MATERIAL 
7" 0248-180 A-D FULL LENGTH 
PART LENGTHL 


ATA =0° Cpeot=-1.5 DETAILS CpTor= =+0.9 
ATG =0°90°TANG.ACTINGFRICTION R=O.lq:tb |ATB= 180 TANG. ACTINGFRICTION R:Olqitb 


| 
4 
i 
F 
4a h:osb 810 pe 
if : | 90 |-04|-05/0.4|-05 
90 M 180 
ATB=45 CpBOT:-0.2 ATS =45° DETAILS «M"CpToP«-1.5, 
ATB = 90° TANG. ACTING FRICTIONR=008 SUR FRICTION LOAD 
q 
Ro? 
& = 
usp) usb f, ae | 
h:0sb 
3 
m m 180 |-0.4|-0.2|-06|-0.3 
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TABLE 2 (Cont'd) 


STACKS, RESERVOIRS 


CYLINDER SURFACE LOAD 
*P=Pi-Pa 


SPHERE - SURFACE LOAD 
“P=Pi-Pa Pa=Cpgq 


Pi=Cp-q 
CPg = VALUES Cpa VALUES = 
FOR dVq > 1.5 AND FOR dVq>7.5AND 
SMOOTH SURFACES SMOOTH SURFACES 
% cn vawes \ c 
& SEE TABLE 26 
eel ad Pac 


Stack WORKING Cp 
CLOSED Cp=-08 


HANGER ARCH ROOF 


INTERNAL PRESSURE 
e ICIEN D; DIR.OF WIND s O 3 
OPNGS UNIF DISTR(WINDOWS DOORS CLOSE |t0.2 |+0.2! 
IOPNGS MAINLY SIDE A(WINDOW Y OPEN) _|*0.4 _|-1.0 | 
_C(ALL GATES OPEN) |*06 |+08| 
A |-1.5 |+0.4) 


’ 1 
[25 |50 | Cpo=|+.0 108 [0.1 |-2.5|-26|-1.9 |-0.9 |-07 |-06 | 
| | 2 | cpos|+1.0 |-o7 |-12 |-15 |-1.7 [1.2 |-07 |-05 [04 |-04 fo. | 
[SPHERE | Cpa=|+1.0 [09 [1.210 |-06 |t0.4 | 
SMOOTH SURFACE. EXT.PRESS.COEF CpaFORh:bil = 1:12:12 R CURVATURE r= %@b 
h_A | 
— — —— b- 
C 


WIND FORCES 


TABLE 2 (Cont'd) 
RESERVOIRS ,STACKS MASTS 


POLES, ROPES, WIRES 


SLENDERNESS'Vd= 
UPRIGHT CYLINDER 
CnFORA@>15 Fedh 


XSECT@ ROUGHNESS _ 


SMOOTH SURFACE, 
METAL , TIMBER, CONCRETE 


ROUGH SURFACE 
ROUND RIBS h=2%d 


VERY ROUGH SURFACE 

SHARP RIBS h=8%d 

SMOOTH ROUGH SURFACE 
SHARP EDGES 


ROOF LOAD ONA SMOOTH 
CLOSED RESERVOIR 
Kn*(pi-Pa)'F 
P| = WORKING PRESS "Ym? 
CPg 


28 


COEFFICIENT FOR d>100 


SMOOTH WIRES, RODS, PIPES 


ROUGH WIRES RODS 


FINE WIRE CABLES 


THICK WIRE CABLES 


1.2 10 08 
— 
Pi 
2) 
4 
[| Kn=Cn- dq |>15 F 
COEF | Cn | Cn 
fe) 12 |05 
4 
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Windward roof : Cpa= / 1.0 where 6 2 750 
40.02 -0.5,0 < 750 
Leeward roof : Cpa=-0.2 


Every wall is investigated for a suction of Cpa = - 0.8 and the roof anchor- 
ing is examined for a suction of Cpa = - 0.8 on both sides of the roof. 
The above coefficients are shown graphically in Figure 1. 


D) Iowa Tests 


In 1946 a systematic series of wind tunnel tests on three-dimensional 
building models was begun at the University of Iowa. The scope of these 
tests was later broadened and the results were reported in (41). The geo- 
metric characteristics were varied in such a manner that the resulting pres- 
sure diagrams permit ready interpolation to intermediate condition» uot 
specifically investigated. It was reported that the data would serve as de- 
pendable first approximations to the pressure distributions over more com- 
plex structures of a comparable overall geometry. Representative plots 
from this data has been incorporated in Figure 1 to show comparisons with 
the other sources of data. 


CONCLUSIONS 


For symmetrically gabled roofs all the referenced data show fairly con- 
sistent results with the Swiss Code providing the greatest negative pressure 
of - 1.0 on the windward roof. The Iowa tests, however, indicated the average 
negative pressure of the windward roof to be greatest with a roof angle of 15° 
and varies from - 1.4 to - 2.6. These values indicate a greater negative 
pressure than has ever been previously reported. For the leeward slopes the 
values are in good agreement at a value of about 0.60. 

Variations in the geometry of buildings do not cause large pressure varia- 
tions in so far as building proportion is concerned. Roof angle, however, is of 
considerable significance. In the Iowa Tests, in general the long high build- 
ings were found to be subject to considerable higher negative pressures than 
the short, low forms. 

For the windward and leeward vertical walls the coefficients of / .80 on the : 
windward wall and - .50 on the leeward wall are well substantiated to be of the 
right order. 

For hangar type structures as shown in Figure 3, the Iowa tests show for 
r = .5 and for the leading edge and inner roof values of suction from - 1.2 to 
- 2.4. These values for the A. S. C. E. data range from - 1.2 to f .70. Here 
there is a very wide disagreement in values. ae 

In any computation of the forces due to the distribution of pressures, both 
the internal and the external pressure should be considered, since a consider- 
ation of only the external pressure will involve the assumption that the inter- 
nal pressure is atmospheric. For this reason, and for the more important 
cases, both values of the constant Cpa for external pressure and Cpi for in- “(i 
ternal pressure are given, which depend on the location and size of the open- og 
ings (windows, doors, and ventilations). The consideration of the internal 
pressure is important in the case of large open structures or halls (airplane 
hangars, exhibition halls, rooms with large windows). In such cases the most 
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unfavorable combinations should be found and used as a basis of computation. 

On very long structures (in excess of 300 feet) it is improbable that the 
maximum forces act simultaneously everywhere; however, there is not 
enough evidence to support a numerical evaluation of such effects. 

Although wind is a complex phenomenon, causing variable and complicated 
sets of loads, it is believed that the civil engineer has at his disposal suffi- 
cient data to establish rules and specifications that are practical for actual 
design purposes. It is imperative, therefore, that the civil engineer have the 
best possible knowledge of loading conditions resulting in a structure of 
economical proportions while retaining the required factor of safety. The 
fundamental dynamic character of wind loads must be translated into static 
equivalents to give simple data for the use of the civil engineer. 
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NOMENC LATURE 


Terms Symbol Units Definition or Value 
Mass Density (air) Pp slugs/ft3 .002378 for Standard 


Air at Sea Level 15°C 


Velocity Vv ft/sec 

Velocity Vv MPH 

Viscosity Coefficient lbs-sec/ft2 3.723 x 10-7 for 
Standard Air 

Reynolds Number R - PvL, ratio of inertia | 


force to viscous force, 
in which L is a repre- 
sentative dimension 


Strouhal Number R - fd/v in which f is the a 
frequency of vortex 
shedding (c.p.s.) and ‘a 


d is the transverse 
dimension of the body 
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Terms 


Unit Overpressure 


Static or Atmospheric 


Pressure Po lbs/ft2 
‘Stagnation’ ) 
‘Dynamic’ ) Pressure q lbs /ft2 


‘Velocity’ ) 


Height Z ft 


Width b ft 


Length ft 


Rise Ratio for 
Rounded Roofs r - 


Slope of roof 
Area A ft2 


Aspect Ratio a - 


Solidity Ratio 


degrees 


July, 1958 
Definition or Value 


Normal unit pressure 
on a surface or pro- 
jected area above at- 
mospheric 


2114 for Standard Air 
For Standard Air 


= .00119 v2 = .00256 v2 


Vertical distance of an 
object above the mean 
level of the ground 


Spacing of trusses or 
girders or the plan 
dimension of a building 
parallel to the wind 
direction 


Depth of truss or 
girder or the height of 
a building 


Overall length of truss 
or girder or the plan 
dimension of a building 
perpendicular to the 
wind direction 


The area of an object 
projected onto a ver- 
tical plan perpendicu- 
lar to the wind direc- 
tion 


The ratio of length to e 
height or width of an | 
object measured in the 
plane normal] to the 
wind direction 


The ratio of solid area 
to the area within the 
outlines of the struc- 
ture 


P lbs /ft2 
pve 
| 


ASCE 


Terms 


“Increased” 
Solidity Ratio 


Vertical Angle of 
Attack 


Horizontal Angle 
of Attack or Yaw 


Force Coefficients 


Moment Coefficient 


External Pressure 
Coefficient 


Internal Pressure 
Coefficient 


Alternating Force 
Due to Vortex 
Shedding 


Symbol 


pa 


Fx 


WIND FORCES 


Units 


degrees 


degrees 


lbs 
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Definition or Value 


An increased solidity 
ratio that accounts for 
the contraction of the 
air flow through open- 
ings 


Angle between the wind 
direction and the hori- 


‘zontal plane 


Angle between the wind 
direction and the verti- 
cal plane containing the 
longitudinal axis of the 
structure 


A “shape” coefficient 
by which the wind force 
on an object is com- 
puted: F=CqA 


Coefficient for “lift” 
or force component 
normal to wind direc- 
tion 


Coefficient for “drag” 
or force component in 
the direction of the 

wind 


Coefficient for the 
moment about an arbi- 
trary axis due to wind 
forces: M=Cm 4A 


A coefficient by which 
the external pressure 
on a building surface 

is computed: 


P=Cpaq 


A coefficient by which 
the internal pressure 
in a building is com- 

puted: p=Cpiq 


Fy = qA 


| 
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Natural Frequency fs cps A natural frequency of 


Karman Coefficient 


Terms Symbol Units Definition or Value 


a structure 
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Journal of the 
STRUCTURAL DIVISION 


Proceedings of the American Society of Civil Engineers 


WIND FORCES ON STRUCTURES: PLATE GIRDERS AND TRUSSES 


W. Watters Pagon,! M. ASCE 
(Proc. Paper 1711) 


FOREWORD 


The Committee on Wind Forces has for several years been working ona 
report to the Society the purpose of which is to assemble, correlate, and 
summarize existing information on the factors which determine wind forces. 
It is hoped that this report will provide a compact source of information ina 
form which will be of practical use to civil Engineers. It is now presented in 
the following series of Proceedings papers: 


No. 1707 “Introduction and History” by J. M. Biggs 
No. 1708 “Nature of the Wind” by R. H. Sherlock 
No. 1709 “Fundamental Considerations” by G. B. Woodruff and 
J. J. Kozak 
No. 1710 “Forces on Enclosed Structures” by T. W. Singell 
No. 1711 ‘Plate Girders and Trusses” by W. Watters Pagon 
No. 1712 “Structures Subject to Oscillation” by F. B. Farquharson 


= 


In combination these papers form a preliminary draft of the committee report. 
Discussion by Society members is invited in order to assist the Committee in 
writing the final version which will subsequently be published. 


ee y The nature and velocity of the wind that acts to cause normal, vertical and 
longitudinal forces, also moments about axes, longitudinal and normal to the 
trusses, has been discussed in other Sections. This Section will deal with 


these forces and moments. (In a tornado throat there can be also a moment 
about a vertical axis). 


Note: Discussion open until December 1, 1958, Separate discussions should be sub- 
mitted for the individual papers in this symposium. To extend the closing date one 
month, a written request must be filed with the Executive Secretary, ASCE, Paper 

may 1711 is part of the copyrighted Journal of the Structural Division, Proceedings of 

age the American Society of Civil Engineers, Vol. 84, No, ST 4, July, 1958. 

_ 1. Consulting Engineer, Baltimore, Md. 
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Classification 


Such structures will be classified as: 


(a) Plate girder spans and other large sheet areas (with or without flanges), 
with relatively large surface area (vertical and longitudinal) exposed to 
wind action; 

(b) Open-framed structures in general, consisting of truss members, each 
of small width but considerable comparative length exposed to the wind 
(whether of thin sheets, or rectangular shapes, or composed of structur- 
al shapes), that are combined into a structure enclosed within a peri- 
pheral frame. This peripheral frame is generally rectangular and of 
gross area equal to overall height times overall length, or equivalent 
for an irregular quadrilateral. 


The overall area therefore has an aspect ratio, lambda, of the (average) 
overall length divided by the (overall) height; and, for towers, the height divid- 
ed by the average overall width. In towers it may be square or triangular, 
and the members are, at times, of circular shape. 

Class (a) comprises such structures as flat plates (sign boards, etc.), plate 
girders (with flanged edges), structural members alone; 

Class (b) comprises truss bridges, towers for radio, television, etc., 
“Texas” towers, antennae, wire fences and screens or grids. Elevated water 


tanks comprise these elements, and also data of flow about a short cylinder or 
a spheroidal shape. 


General 


Deck bridges are essentially of infinite aspect ratio because of the 
abutments; through spans, partially so; a series of spans may approach infi- 
nite length; towers may be of the order of 20 to 100; through plate girders may 
range from about 10 up to 20, and to 75 if continuous over more than two piers. 

The action of wind on a truss bridge, or a tower, is two-fold; some air 
passes first through the upwind, and part of this then through the downwind 
truss; the remainder passes over and under the span. When the wind has an 
angle of attack, not only the trusses or girders, but also the deck and top or 
bottom lateral bracing are exposed; for towers there is some effect on all 
sides. When the “solidity,” ¢, is low, most of the wind passes through; as the 
solidity increases, more and more is deflected; hence there is a two-fold ef- 
fect of varying degree, namely, first, the resistance of the members and the 
acceleration of the “jets” through the open spaces, both causing resistance; 
second, as the solidity approaches 1.00, i.e. for a plate girder; the “vena con- 
tracta” of each opening decreases and becomes of greater importance by con- 
stricting the airflow, and the flow of the entire assembly, acting as almost a 
solid plate, passes largely around the edges. It is to be expected therefore 
that the “solidity” is of paramount importance, since this is the factor that de- 
termines the extent of these two types of flow. 

The aspect ratio, also, is of importance since for a square plate the drag 
is about 1.12 to 1.14 and for one of infinite ratio it is 2.0; it ranges as follows: 


AR =1.0 10.0 20.0 30.0 40.0 50.0 60.0 (Infinity) 
Cp =1.18 1.23 1.42 1.8 1.66 16% 20 ) 
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Single spans may range in their overall ratio from 10 to 25, or an average 
Cp of 1.3; spans or towers of considerable length or height, about 1.6; and 
continuous units 1.76 to 2.0. These figures refer to the overall effect due to 
the dimensions of the truss or tower as a whole, and as though it were solid. 
Later it will be shown that the degree of solidity has a material effect, ex- 
pressed as 


C'n =1.8¢ where ¢ represents the “solidity ratio” and 
C'p is a coefficient applied to the gross, or (1) 
overall area of the truss; 


Cp = C' n= > = 1.8 or other value such as 1.55 or 2.0 etc., 
where Cp is a similar coefficient applied to 
the net, or solid projected, area of the (2) 


truss. 


From the latter it appears that the drag is essentially that of an assembly of 
flat bars which have (each) a length/width, or aspect, ratio of infinity, and a 
drag coefficient of 1.8.4 

To summarize: the following discussion will relate to (a) plate girders and 
other large flat and solid areas, and (b) trussed bridge spans, antennae, and 
towers; but (c) the deck of a bridge span is related to an extended flat plate 
or girder (with at times openings provided to modify the air flow) so that even 
truss spans must consider both types in combination. 


Reynolds Number 


Shadow 


It is an essential fact that sharp edged bodies are insensitive to Reynolds 
Number, and that they cause eddy “streets”, such as do flat plates; and their 
computed drags can be so treated. It is also an essential fact that the wind 
force normal to a leeward truss of a bridge or a tower must be less than that 
on the windward one, since only a part of the air flow has passed through the 
upwind truss. Each upwind member causes a “shadow” as it were, or a widen- 
ing wake with lessened velocity and lessened total energy, (i.e. static and ve- 
locity pressure), because the eddies dissipate into turbulence and thus into 
heat; thus there can only be less drag on the downwind member. See App. IV 
and Fig. 10. When the wind is normal to the structure, i.e. with zero attack 
and yaw angles, the shadow of each member falls upon the companion member 
(see a later qualification), with the maximum loss in drag; but when there is 
an angle of attack, plus or minus, then the downwind truss has its top chord 
and part of the web system completely exposed, and also some exposure of 
the deck, whereas when there is an angle of yaw the chords and deck are 


a. Since actual truss members are not flat plates, but are of box, I or double 
channel section, it is relevant to state here that a rectangular prism 
normal to the wind, with a ratio of sides W2/W, (where Wj faces the wind), 
and with infinite length, has about the same coefficient (2.0) as the flat 
plate, provided W/W is less than 2.5. Beyond that the drag drops abrupt- 
ly to 1.5 and then slowly to 1.0. Therefore since truss members fall with- 
in this bracket they can be considered as flat plates. It is for that reason 
that flat sheet truss models test approximately at the same drag coefficient 
as do true-to-scale and rectangular section models. (See Ref. A.) 
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unchanged, but the web members are all exposed to the jets through the open- 
ings. When there is combined angle of attack with angle of yaw the exposure 
is greatest. 


A detailed statement of the “shadow” and other matters is contained in App. 
I, II and Il. 


The Helmholtz-Rayleigh (H - R) Curve 


Ref. B illustrates the spread of the wake caused by a flat plate of infinite 
length. It should be noted that there is a fundamental error in the mathe- 
matics, regarding the assumed value of the pressure (or suction) in the wake, 
so that the derived mathematical drag is in error; others have attempted cor- 
rections; however, for the illustrative purposes of this Report the curve serves 
well, regardless of the mathematical divergence. 

Fig. 1 combines the H-R curve with the tests in Ref. C. As the eddy-street 
forms in the lee, the local unit pressures are not steady, but oscillate rapidly 
and largely as each eddy forming behind the plate passes downstream. (See 
Appendix IV and Fig. 10 also). There are shown the average maximum, mini- 
mum and mean pressure. Up to b/d = 0.5 the curves (synthesized by the author 
from the test data) show a steady progression, but with almost zero values 
near the plate center, and a rapidly expanding fringe of unit pressures, but the 
fringe extends at first and, at most, only half way to the plate center, and the 
summation of pressures within the exposed area of wake amounts to a small 
or negative value. A break in the series extends from b/d = 0.5 to 5.0, which 
is the normal range of this ratio for bridges: and what happens within this is 
still not known. From 5.0 to 20.0 the unit pressure slowly averages out, until 
finally about 85% is achieved, and over the entire wake area. (At b/d = 8.0 
tests were made also for two attack angles 40 deg. and 70 deg. as shown and 
the unit pressures are much lower). 

This set of tests applies only to a single plate, and the pressure in its wake; 
if there were a second plate at any b/d value, it would also have additional ef- 
fect on the H-R curve, causing it to spread further, and show lowered pressure 
“recovery”. Ina truss model the wakes would slowly coalesce into a uniform 
distribution curve for large values of b/d, as will be discussed next. 


Single Trusses 


There follow four figures based upon Flachsbart’s tests (Refs. E and G) for 
a Vierendael truss. Fig. 2 shows the averaged variation of the wake velocities 
at increasing distances from the truss caused by the chord members; Fig. 3 
shows the same caused by the verticals of the truss; Fig. 4 shows the static 
and total pressure in the wake of the chords; and Fig. 5 the same in the wake 
of the verticals. 

These figures relate to normal wind. The truss that was tested had a 
solidity of 0.26; i.e. was of light construction, and the overall spreading effect 
due to flow passing above and below the truss is therefore of relatively little 
influence; however, it can be seen that the shadows of the chords do show some 
lateral displacement. For a truss of solidity around 0.60 the drags of the lee 


web members, and partly of the lee chords, would be reduced, because of the 
blocking effect of the whole truss. 


b. In Fig. 2, this is noted as “Kirchoff curve”. 
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An example of wind at a yaw angle (only) is shown in Fig. 9. Wind (Ref. D) 
tunnel tests on screens have shown that the wind which passes through the 
mesh, entering at an angle of skew measured from the normal to the truss, 
leaves the mesh at a smaller angle to the normal. The significance of this is 
that for an angle of attack or yaw, the angle for the downwind truss is smaller, 
i.e. more nearly normal. With an angle of attack a solid deck exerts an ad- 
ditional influence, that causes the wind on the downwind truss to be still more 
nearly normal to it. 


Single Truss Drag 


The most significant feature of the drag of a single truss, or other open 
frame structure, is that the solidity, ¢, largely dictates the drag for low so- 
lidities; but with increase of solidity the aspect ratio of the whole truss ex- 
periences a greater significance. In essence it is not the “true” solidity, i.e. 
the ratio of the solid area to the overall projected area, but the “increased” 
solidity that results from the formation of a “vena contracta” in each jet of 
air through the truss openings. Flow about a flat plate, or a member of rec- 
tangular section, or a structural shape, spreads widely. (See Fig. 1 for the 
H-R curve). The flow through a nozzle is a three-dimensional equivalent to 
such jets; hence this must be considered for a truss or other open framed 
structure such as an antenna or a tower. Where the jet has ceased to shrink, 
which is at the vena contracta, the air velocity is maximum, and as the flow 
suddenly expands, there is a loss of energy into eddying, hence into heat. 

There is an extensive study of flow through a grid (in a wind tunnel) formed 
of sharp edged flat bars, by Betz and Petersohn (Ref. F). The author has 
found from this a clue that is most valuable. Without going through the deri- 
vation, he has found that all of the available tests for single trusses can be 
represented by a single equation, Cj, = 2 (¢')2. Thus for ¢' = 0.0 there is, of 
course, no drag, and for 1.0 the coefficient is 2.0. See Fig. 7. 

In the lower portion of Fig. 7 are plotted a number of test values from 
numerous sources, for Pratt, Warren, Vierandael trusses of true-to-scale, or 
flat plate, or rectangular cross section. At the top of the figure is given the 
relation of ¢' to ¢, and a plotting of Cj = 2(¢')2. Also, serving as an envelope 
for the test points, is a line Ch = 1.8¢, with a “cut-off” at b/d = 0.60, where 
there is postulated an extension to 2.0 for the completely solid area. In the 
upper right hand corner is a similar line, Cp' = 1.559, for the test values of 
tower models. The ¢'-curve shows the same sag in the intermediate test 
values as does the ¢-curve. Since Ch = 1.8¢is based upon the actual solidity, 
and is in simpler form, it will be used; however it has an analytic relation to 


the theoretical result. In the following will be used the still simpler form, 
Cp = 1.8, instead. 


Note Regarding Aspect Ratio in These Tests 


The greater portion of the test values was derived from models of infinite 
aspect ratio, but the Flachsbart trusses and other test values, are included. 
The influence of aspect ratio in the few tests of low value cannot be analyzed, 
but it does not appear to be sufficient to attempt a modification, since the ef- 
fect of diminishing aspect ratio is, progressively, to reduce the drag by per- 
mitting relatively more air flow about the truss ends, (There has already 

been given the range of drag coefficients for various flat plate aspect ratios.) 
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Tests are available, but not included, for high solidities, for the drag of close 
mesh screens for wind tunnel uses, also for parachute cloths, etc., and there 
is a remarkable change; but the range of actual truss solidities seldom ex- 
ceeds the value ¢ = 0.60. Of course for ¢ = 1.0, a plate girder, where aspect 
ratio is the only factor, values of Cp for structural sections, I-, channel-, 
etc. can be found in Pagon, Ref. G, and also in the companion papers. 

Although the plot of test values includes trusses of the several types noted 
above, it is not possible by inspection of the figure to ascertain which configu- 
ration applies to any given point. (There is slight evidence that Warren trus- 
ses, with 45 deg. diagonals, and no verticals, have slightly lower values, due 
perhaps to the smaller number of jets, but with large dimensions). It is simi- 
larly not possible to note any difference between true-to-scale, flat sheet and 
rectangular section truss members. 

The value Cpr = 1.8 is satisfactory up to ¢ = 0.60, and the straight line ex- 
tension postulatéd allows for a value of 2.0 for a long flat plate, or structural 
rege Note Tests Va and Vo from Vincent’s Figs. A and O, respectively. 
Ref. H) 

When the wind is at an angle of yaw, or of attack (see Appendix II) there is 
a small difference from the single truss drag due to normal wind. Of course, 
a true-to-scale model or span will also actually have somewhat greater drag, 
since I-shaped and other members may have greater drag for wind that is not 
quite normal to the flange of the I-section.© 


Drag of Pairs of Trusses 


When a pair of trusses is considered the next most important factor is the 
spacing ratio, defined as the spacing, b, divided by the overall height, d, (or 
average height for curved chord trusses). There are a few tests for which the 
ratio b/d was as great as 8.0; but most tests, and in fact most actual bridge 
structures, fall within the values 0.5, minimum, to 2.5 or 3.0, maximum. Of 
course for square towers the ratio is 1.0 and for triangular towers perhaps 
0.87. 

With this introductory discussion, reference is made to Fig. 7, on which 
have been plotted Flachsbart tests (F, etc.), Eiffel (Ej etc), Biggs (ASCE), 
British (Aj, Ag, B, C) and Vincent (Va and Vo). (In the British tests the word 
“girder” or “lattice girder” is equivalent to “truss” in American usage). Some 
of the tests are true-to-scale, some of flat plate, and some of rectangular 
section. E, is a pair of 7.61" dia. flat discs; E92 of flat plates of aspect ratio 
2.0, and Eg of flat plate trusses with aspect ratio 2.0; Ay and Ag are Pratt 
trusses, the former true-to-scale and the latter of rectangular section, B, a 
Warren truss with subdivided panels and rectangular section, and C of rec- 
tangular section, all of which were of 5.81 aspect ratio; the Biggs model is a 
Warren truss with subdivided panels, having also “end plates” to simulate 
infinite length. Finally, there are plotted a series of tests for square tower 
models from various sources, all (naturally) at b/d = 1.0. 

It has been seen that as the spacing ratio increases there is an increase in 
the combined drag; for low solidities, the rate of increase is rapid; but as 
these increase the sheltering effect of the upwind truss extends to greater 


c. The author uses “I-section” for models that is several papers which deal 
with dynamic effects are denoted as “H-section”. 


q 
ae 


ASCE WIND FORCES 1711-17 


spacings with little diminution, and from a value of 0.60 there is little change 
up to a spacing ratio of 2.0, or even to 4.0. 

The test results, collated from widely varying sources, are not as con- 
sistent as could be desired. For example, the Vincent model for through truss 
plots below the curves for Bridge A,, ASCE (true-to-scale); F4 (rectangular 
section) plots higher than As (the same, but with structural shapes and very 
slightly higher solidity), and Vincent’s “pony truss” plots close to Fo of solidi- 
ty 0.627. It should be noted that F3, F4 and Fs are of Warren type with web 
angle of about 45 deg. and few verticals, probably making for more free flow 
through them, and thus there probably is greater merging of the eddies. 

The indication of these tests is two-fold: (a) as the solidity increases from 
0.20 to 0.60 for trusses, and from that to 1.0 (for plate girders), the combined 
drag of a pair increases since the shadows in the wake have less shielding ef- 
fect, and (b) for low solidities the increase in combined drag is nearly linear 
with spacing ratio, whereas for solidity near 0.6 there is little or no increase 
until a spacing ratio of 6.0 or 8.0 is attained. Thus for multilane bridges of 
large spacing ratio and greater solidity there may be little more drag than for 
close spacing. 

The effect of the alternating eddy flow on the average pressure downwind 
has been shown in Fig. 1, but the instantaneous drag flutters rapidly. (See 
Appendix IV also). A member of I- and other section (Refs. G and I), for any 
angle, has a drag that varies greatly from the drag for purely normal flow 
(parallel to the I-beam web, or to the deck of a plate girder) so that tests 
made in connection with studies of suspension bridges of girder and truss 
section have illustrated the dynamic oscillations that may result, as discussed 
in Section Vg. 

A summarization for normal flow is that (a) the drag on pairs of trusses is 
strongly influenced by the spacing ratio and by the solidity, and (b) a determi- 
nation of the combined drag must be made by interpolation in Fig. 7 until there 
are available a considerable number of additional, scientifically controlled, 
tests on both types, at spacing ratios suitable for the increasing width of spans 
on multilane highways, and also for structures in parallel, each carrying one- 
way traffic. This study should include spans in parallel (1) at close spacing, 
and (2) quite widely separated, to determine proper values of combined drag. 
See App. I. 

The tests discussed are for steady wind, and can be considered to include 
the effect of eddies in the approaching airflow. 


Drag of Pairs of Trusses When b/d = 1.0 


The author made a semi-logarithmic plotting of the test data for square 
towers, shown on Fig. 7. The result was interesting. Allowing for all of the 
differences which arise when comparing the test work of various investigators, 
the result is remarkably close. There was derived 


(Cp)? = 3 +2¢ (3) 


Thus there is available a value at b/d = 1.0 by which to plot any truss curve 
of given solidity. See App. III. 


Drag of Pairs of Girders 


While discussing this element, attention is directed to the circular disc; 
the Eiffel flat plate of ratio 2.0; and the plate girder models of Fig. 7. It is 
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noted at once that up to a spacing ratio of 2.0 the downwind girder is almost 
completely shielded, with then, a sudden rise in the combined drags. The 
“Eiffel effect” (see Appendix I) shows that for the disc and the flat plate, when 
closely spaced, there is suction between them, causing an increased drag on 
the upwind plate, and an upwind drag on the downwind plate. This effect is of 
significance when considering the effect of wind on several plate girders; the 
upwind stringer or girder gets full drag, but there is little air movement be- 
tween then, or even suction, hence little drag on the others. See App. I. Slot- 
ted decks will be discussed later. 

There is another effect that should be briefly mentioned at this point, which 
is the effect of a sidewalk at the upwind girder, when there is no gap for the 
air to pass through between them. Such a combination of a vertical member 
(the girder) and a horizontal member (the widewalk) (See Ref. I) is similar in 
shape to a structural angle, and tests on angles show that there should result 
a strong uplift on the sidewalk, and a greater drag on the girder, due to the 
flow confinement; the maximum drag of such an angle is of the order of 2.0 
for normal wind. The uplift will be considered later in connection with gener - 
al uplift, but the effect (for a deck span) may be the same as if there were an 
angle of attack from below the deck. 

For a detailed discussion of the tests of plate girder spans see Fig. 8 and 
App. I. The uplift on the sidewalk causes an overturning moment about the 
longitudinal axis of the span, reducing the load on the upwind shoes, and in- 
creasing the load on the downwind shoes; there may be some moment from 
differing uplift between pairs of the girders of multiple-girder spans. 


Effect of Deck—Separate from Trusses and Girders 


Before considering the combination of deck and trusses or girders, let us 
consider the action of wind on it alone. Essentially a deck is the same as a 
flat plate, but one with a greatly roughened lower surface (this roughness be- 
ing the relative height of the stringers divided by their spacing). The action 
of wind on a flat plate is shown in Pagon (Ref. I), and is similar to that of a 
thin airfoil. Considering the aspect ratio as infinity the curve of normal force 
coefficient in that article has a linear slope to 0.4 at 5 deg.; then curves some- 
what to 0.62 at 10 deg., and then to 0.72 at 20 deg. and almost linearly from 
there to 90 deg. The flow is retarded below, and accelerated above, the plate. 
When the lower surface is “roughened” by the stringers more air will pass 
above, and the lift will increase until “burble” breaks down the flow. Ref. J 
shows smoke flow for an up-angle of 22 deg. on a model with 8 stringers, and 
a cable and sidewalk at each side. The upward smoke flow is generally 
steady, and the stringers are completely enveloped in smoke which shows so 
little perturbation that clearly there was substantially no drag except on the 
windward stringer. When the angle of attack was changed to 1 deg. down, the 
flow above and below were similar, with a little more perturbation below, and _ 
when the angle was 15 deg. down, the smoke filled area above the deck had al- 
most disappeared, whereas the depth of smoke below was proportional almost 
to that at 22 deg. above. It is clear that the drag on stringers is small, ex- 
cepting for the windward one, provided there are no openings in the deck. 

But when openings are provided (in the nature of slots between stringers) 
there develops an entirely new, but expected result. Whether the angle of at- 
tack be positive or negative the condition of the flow is that each opening 
provides an escape vent, so that the wind comes to a complete stop, horizontal- 
ly, and assumes a vertical velocity determined by the ratio of the slot spacing 
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times the sine of the angle of attack divided by the width of the slot. As the ¥ 
forward velocity ends there is an horizontal drag on the deck system; as the Fea 
vertical velocity develops, there is a vertical force; then this effect is com- 
bined with the flow of the air that passes over and under the deck, so that the 
two merge into an envelope of smoke. The smoke pictures show excellently J 
what has been described. For angles of attack close to zero the slots merely | 
confuse the flow above and below, but an up angle of several degrees is re- 

° quired to equalize the flow above and below, because of the greater “friction” ; 
drag below. Cp should be increased for this effect of the slots. 


Effect of Deck—In Combination 


The previous discussion has dealt with the deck alone. When it is part of a 
truss span the alteration in flow differs markedly from when it is part of a 
girder span, due to the fairly free flow through the truss openings. If the 
truss alone be symmetrical about a horizontal axis at mid-height, the air flow 
(for normal wind) above and below it must be equal, but the moment a deck is 
added, with its extra drag, then more of the flow will pass above, for through 
span and vice versa. Railing drag (if large enough) can modify this* * * 
When the deck is added to a through plate girder span there is a similar effect 
causing more flow over the top, but for a solid deck span there is no wind ac- 
tion on the stringers, which are enclosed between the girders. ; 

There is another aspect of the problem, namely the resemblance of a pair 
of plate girders and solid deck to a structural channel, and tests on such 
shapes indicate dissymmetry of flow on the two sides. The problem is much 
more complicated in that the horizontal and vertical forces and the overtuning 
moment vary in seemingly erratic manner as the number of girders changes 
from 1 to 4, and as the spacing changes for b/d = 1, 2, 3, etc., so that infor- 
mation on the forces for such sections is best obtained. See Ref. K, also the 
M. I. T. tests in Fig. 8. 

There are other effects of the deck, such as uplift for a yawing wind which 
impinges upon a pier or abutment, causing uplift there. A suspension or other JJ 
bridge over water at an island will experience upward wind, since the flow 
over the island has this effect (as noted by a “standing cloud” over such an ob- 
struction); and bridges over buildings, will have retarded flow beneath, and 
hence some degree of uplift. A sidewalk on a plate girder bridge receives up- 
lift even for horizontal, or even slightly downward wind. 


Uplift 


ie ; A tornado may completely destroy a span due to the upward wind force, a 
: added to the possible overturning due to drag on the structure as a whole in 


the high velocity winds, and the torsional effect around the throat of the tor- 
nado, 


The Nature of Angle of Attack 


An anemometer placed on any span above the top chord or flange will re- J 
cord upward velocity due to the flow that does not pass through, and to the re- § 
tardation caused by the deck supports; there will be inverted effect below the 
bottom chord, but of less amount due to floor drag; but this is not angle of at- 
tack, Such an angle must come as an element of the airflow itself as it ap- 
proaches the span, At the inception of a thunderstorm, or “cold front”, the 
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“dust squall” will have not only high horizontal velocity, but also high down- 
ward velocity, due to the greater density of the cooler air, and to the friction 
resulting from a heavy fall of rain; hence a downward angle of attack is 
common. See Appendix II, and other relevant material in later paragraphs. 


Lift 


In essence lift also includes overturning moment, since the two act to- 
gether. The moment is dependent upon Cp and also Cy, and their respective 
moment arms. At present no formulation can be made, other than by a review 
of the literature. Tentatively, use Cy, = 1.0, based upon area of the solid deck. 


Longitudinal Force 


An angle of yaw causes the drag component to depend upon the cosine of the 
yaw angle, and the longitudinal component upon the sine. This latter acts upon 
the stiffeners, etc., of a girder span; and upon the verticals, and at less value 
(because of slope) on the diagonals, for trusses. For the diagonals the angle 
of the yawing wind to the member depends upon the yaw angle and the slope of 
the member. Vincent (Ref. H) in his Fig. 22 plots curves showing that the 


maximum is reached at a yaw angle of about 60 deg. (Note that spans can have 
little such force on the leeward members). 


Leverage of the Forces 


For girders and trusses the force acts at mid-height, and similarly for an 
exposed floor. (Biggs, Ref. N. has questioned this). For the vertical force- 
component on the floor a comparison can be made with the moment on a flat 
plate at an angle to the wind (see Pagon, Ref. I). The center of pressure on 
an airplane wing, for zero angle of attack, is at the quarter-point near the 
nose of the wing; this changes slightly as the angle increases to about 14 deg. 
i.e. angle when “burble” sets in; at an angle of 90 deg. the center of pressure 
is at the center line. Vincent, Figs. 16 and 19. (Ref. H) gives diagrams of the 
positions of the line of action for trusses and for 6-girder models. 


Maximum Values of Angle of Attack 


From experience the author had in the analysis of lighter-than-aircraft, 
particularly the U. S. S. Shenandoah which was destroyed in a line squall, the 
following are his judgment of the angle to be used. The Shenandoah design 
showed no computed factor of safety for entering a sharp-edged gust with a 
vertical velocity of as much as 30 fps. In that line squall she rose several 
thousand feet at this velocity, then descended similarly and rose again, when 
the barograph failed to record. Of course much of the time she was at reason- 
able flying height, but not shortly before she failed. We should consider the 
vertical velocity in such a line squall, or the “dust” squall which precedes 
and is part of the heavy rainfall of a thunderstorm, as not less than 30 fps, 
combined with a horizontal velocity (accentuated by the friction of heavy rain 
and the density of the colder air) of 60 mph. i.e. 88 fps or the tangent of 17 
deg. approx. A maximum angle of attack for down-wind would therefore be 20 
deg. An up-wind velocity can only arise (a) from the effect of the terrain be- 
low, and (b) in a tornado where the vertical force (or sudden reduction in the 
barometric pressure of 2 or even 3 inches of mercury) is upward in the throat 
of the storm, combined with horizontal velocity of perhaps 800 mph; an angle 
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of 10 deg. seems the maximum for (a), but what to use for (b) can only come 
from a knowledge of the most severe combination of vertical and horizontal 
forces; and is unknown, In a tornado there is the combination of uplift due to 
barometric pressure reduction, and the lift and moment due to angle of attack 


combined with the lift due to wind forces on abutments and piers and ob- 
structions. 


Dynamic Effects 


The matter of dynamics is covered in Part Ve, and will not be discussed 
here. However, there are numerous tests to be found. These deal with a 
more restricted range of floor sections, for which there may be instability 


due to sudden change of lift direction with changes in angle of attack due to 
oscillation. 


Moments 


There is some uplift on the span bearings when flow beneath a span en- 
counters a pier or abutment, which causes a moment about an axis normal to 
the bridge span. For all bridges there is a moment of the horizontal drag 
about the bearings on piers and abutments, whose effect is to increase, or to 
decrease, the respective dead and live load reactions. If there be uplift under 
a sidewalk, this will cause such a moment. The horizontal normal forces on 
a span will always have a moment about the bearings, that from the trusses 
being at their center of pressure, that of the deck similarly, and in addition 
there will be some drag for top lateral bracing (for a through span and vice 
versa). See Vincent (Ref. H). 

When the wind flows about a solid square prism, other than when normal 
or at 45 deg. to any face, it exerts a turning moment. The wind flow ona 
tower (radio, transmission, etc.) is partly flow through the trussed sides, and 
partly flow around, and this latter portion will cause a similar twisting 
moment; the drag on the sides that are nearly parallel to the wind varies in 
that the one exposed directly will have more drag than its mate whose flow is 
retarded when passing through the upwind face; and both exert a moment tend- 
ing to turn the tower square with the wind. 


See previous note about torsion about a vertical axis at the throat of a tor- 
nado. 


Trusses With Round Bar Members 


Towers are sometimes built of round members to reduce drag. There are 


few sources of information; however, there are four tests that may throw 
light: 


(Ref. Guggenheim, Tests at Daniel 
" Guggenheim Airship Institute, April- 
July, 1940 Unpublished.) 


(Ref. Brunswick, Widerstandugen and 
verschieden Bremsgitter Anordnungen, 
Luftfahrtforschunganstalt Herman 
Goering, Jul., 1942) 


0.37 0.44 
0.82 0.78 


Cpr/Cpf 


0.77 


Cpr applies to round bars 
Cpf applies to flat members 
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There is a somewhat common and valid opinion that a round bar has a drag 
of about two-thirds that of a square, This would give 67%, and seems to be a 
fair value. See Fig. 6, upper right corner. 
On this basis the drag for a truss of round bars would be Cp = 1.20. 


* 


* * 


The author will now try to make explicit the material discussed: A down- 
angle-of-attack will be used, with a maximum of 20°. 


Truss Spans, With Open Deck 


Having tentatively in mind a given design, and having made preliminary 7 
computations of the size of members, then the value of ¢ is given. For 
b/d = 0.0, i.e. for a single truss, we have the value Cp = 1.8. For b/d = 1.0, 
i.e. for a square tower, we have (Cp)2 = 3+ 2. See App. Ill. 

These two values we can plot in the left portion of Fig. 7; then having done 
so a curve must be fitted by eye between the test curves shown. There are 
some facts which will aid in this. There has been discussed the rapidity with 
which any curve approaches the value Cp = 185% of the value for a single 
truss; and hence with this as a guide the curve from b/d = 1.0 to 7.0, or 10.0, 
or what value has been found from this relation, can be plotted. Within the 
limit of comparison between tests by different investigators, there should re- 


sult a satisfactory curve. However, seldom will there be need for considering 
b/d values over 3.0 or 4.0. 


Girder Spans With Open Deck 


See App. I. For unballasted railroad, and 100% grid floor highway bridges, 
both through and deck, use the 4RD-1RT-2RT curves of Fig. 8 as a guide for 
two-girder spans, and 5RD-3RT curves as a guide for three- and four-girder 
spans. Probably no occasion will arise when b/d exceeds 4.0 (the limit of 
Fig. 8), but if so, additional tests will be required. 


Truss Spans With Closed Deck 


The effect of the solid deck has several aspects. For zero attack angle the 
air in the spaces between stringers is pocketed so that there is little drag on 
any except the first, or windward one; the air flows fairly smoothly, with some 
sinuousities at the stringers; however, for an up-angle of more than 10 deg., 
drag in addition to that on the windward member should be estimated, and this 
will be less for through, than for deck spans, due to the reducing effect of the 
flow through the windward truss. 


Girder Spans, With Closed Deck 


Such spans may be deck or through, but since the M. I. T. tests Nos. 7, 8 : 
and 9 were two, three and four girder types, only the first can be used for 
through type by inverting it. However, this also had Nos. 6, a through-two 
girder type, with solid deck and two “safety-walks” of narrow width. If we 
invert No. 7, with its wide sidewalks, we face the instability condition for 30° 
and 20° attack angles noted in Appendix I; therefore, using No. 6 we can say 
that the drag would be estimated at Cp = 2.5 as an estimate. Since through 
solid deck spans will usually be highway spans, with sidewalks of some more 
or less widtfi, the author considers it unsafe, in the present state of knowledge 
to make a positive assertion. Many more tests are needed. 
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Girder Spans, With Closed Deck and Wide Sidewalks 


As discussed in Appendix I there is too little knowledge at present to make 
a judgment as to the drag coefficient. 


Lift and Overturning Moment 


In general terms lift and moment are closely related. At an angle of attack 
the span tends to develop a (positive or negative) lift, in the manner of an air- 
plane, and in general this varies nearly in proportion to small attack angles. 
Also the total moment is a combination of the drag force acting at its center 
of pressure, and the positive and negative forces of lift acting with a moment 
arm from their centers of pressure; resulting in a lift force acting at a com- 
posite center of pressure. The effect on the structure then is this resultant 


force acting at its center of pressure, multiplied by the moment arm from 
here to the bearing shoes, 


Square Towers 


Flachsbart in a sequal to Ref. D published some data for the drag of wind 
at other than 90°. For any angle other than 90° (normal) the wind acts directly 
on two faces, and such air as has passed within the tower acts on the other 
two. There is need for more definitive test data. 


* * * 


From what has been written it may seem that the problem is involved. The 
components are (a) one truss, or girder; (b) two or more trusses or girders; 
(c) the combined effect of angle of attack and yaw; (d) the degree of “openness” 


of the deck. For (a) considerable data is presented; for (b) we draw heavily 
upon Biggs M., I. T. and Vincent results; for (c) Vincent’s emphasis on “true” 
angle of attack is helpful; for (d) Farquharson and the University of Virginia 
have helped. 

The author will greatly appreciate aid from members of the Society, both 
by record of other appropriate test results, and by criticisms, analysis, and 
formulation and expansion of the material, to the end that there may be pre- 
sented to the Society in its forthcoming Report the Committee’s complete and 
factual basis for design. Much additional material is greatly needed, especial- 
ly for solid deck plate girder spans and it is hoped that help will be obtained 
for this part at least. 

Appendices I, II, III and IV were prepared to the end that continuity of the 
paper would be less disturbed. 


APPENDIX I 
Plate Girder Span Data—Fig. 8 


In Fig. 8 the test data from Eiffel (Ref. D), Flachsbart (Ref. G), commence 
with b/d = 0.0, i.e. for a single girder, and with Cp = 1.14 to 1.20, in compari- 
son with tests on girders at M. I. T. (Ref. N.) 


Group 1: Open Deck 


Models 5RD and 4RD, also 3RT and 1RT are paired together, and 2RTB is 
indicated by crosses at the right margin. All models are plotted by Cp 
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versus b/d. These groups show differences as described in some detail be- 
low. The first pair are four, and two, girders in parallel, of deck design 
(symbol D): whereas the second pair are three, and two, girders in parallel, 
of through design (symbol T). For normal wind all record a coefficient of 
about 1.45 to 1.8, regardless of the number of mates. For attack angle all 
have almost identical drag coefficient for up- or downwind. For series B and 
C the spacings, b, were the same for all models of each group, but for A 
slightly less; hence increase in b/d is inversely proportional to d, and thus 
the coefficient decreases as the depth increases; in other words, for any given 
spacing between girders, and for any given attack angle, the ratio of the ex- 
posed area of each downwind girder is greater, percentage-wise, when the 
depth is small, and decreases as the depth increases. 

Since the drag is almost the same for plus and minus attack angles, it is 
evident that there is little difference between deck and through spans of open 
deck. 

As angle of attack increases from 0° to 10° and 20° (and in the tests to 30°) 
it is evident that the mate (or lee) girder of a pair is somewhat more exposed 
to the wind, and there is an increase with the angle; at 10° the coefficient aver- 
ages about 2.0 for all spans; at 20°, about 3.0; and at 30° 2.5 to 4.5; but this 
increase is not in linear proportion. 

We can briefly analyze what additional drag can come for 1, 2, 3 or more 
girders for any given attack angle, down or up. First we must recognize that 
the height (or area) of exposure on a mate is not proportional to b times the 
tangent of the attack angle, since the H-R Curve must be tilted downward be- 
fore it would touch the top of a mate at given distance b/d (equivalent to x/b 


of Fig. 1). By scaling from Fig. 1 it is seen that such tilt can be measured, 
and for given spacing, 


b/d = 0.0 10 15 2.5 5.0 80 10.0 20.0 
the tilt angle scales = 34° 32° 28° 22° 17° 15° 12° 8° 


and the actual angles of attack must be at least equal to these tabular values 
before contact would be made with a mate. We see that 4RDC would just begin 
at b/d = 0.6 to pick up drag on its mate for attack angle 30°, whereas 5RDC 

at b/d = 0.6 would have substantial drag on all three of its mates. 

To summarize we can see by use of the H-R curve what to expect for multi- 
ple girders, with open deck.4 With open deck the drag for through spans and 
deck spans (inverted) will be almost the same, unless the deck be placed 
differently in the two cases, in respect to its adjacent flange. 


Group 2: Solid Deck 


When the M. I. T. series Nos. 7, 8 and 9 are considered, the facts differ 
widely. They were all deck spans, but with solid decks; No. 7 was a two- 
girder span with narrow roadway and wide sidewalks; No. 8 was three-girder, 
with wide roadway and wide sidewalks; No. 9 was four-girder, with wide road- 
way and mere “safety-walks”. For down- and upwind angles of attack there is 


no symmetry. For up-angle the coefficient ranged from 1.3 to 1.8 approxi- 
mately, at 30°, but not much less for 20°, 10° and 0°. 


d. If we were dealing with trusses there would be the additional drag from 
wind passing through the upwind truss, or trusses. 
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For down-angle, on the other hand, there was about the same coefficient to 
10°; but at that point the curve of coefficient drops rapidly, so that for 7THDB 
there was not only no coefficient, but a negative value, or up-wind drag, at 
30°. The No. 8 series was similar, but at 30° the coefficient was about 0.4 to 
1.2. The No. 9 series showed the same as No. 8 but at increased values. 
These sections would have poor characteristics for a span that could be 
subject to oscillation as described in Section Ve. In general, for attack angles 
from 0° to 20°, there is a slight increase from two, to three, to four girders 
indicating that for either down- or up-wind there is little air movement be- 
tween the girders. 

Because of the characteristics discussed for the solid deck spans, and for 
the fact of the presence of wide, or fairly wide sidewalks, outside of the gird- 
ers, it is not possible to draw a general conclusion for an angle of attack 
whereby the upwind direction is inclined into the angle between sidewalk and 
girder. 

There are also the M. I. T. tests for through, solid deck spans with 
b/d = 4.04 and 2.69, Nos. 6HTB, C, each with a narrow safety walk on each 
side, outside of the girders, whose influence on the drag coefficient cannot be 
estimated. These also show dissimilarity between down- and up-angle of at- 
tack, with Cp ranging from 2.6 to 1.75, also 2.1 for normal wind. So long as 
the effect of the external sidewalk is not better understood we must not use 
such values. 

It is unfortunate that the tests in Fig. 1 have a discontinuity between b/d 
values 0.5 and 5.0 since within this range fall most actual bridge design ratios. 
There should be inaugurated tests for flat plates in this region, and also for 
plate girders of varying ratios of flange width to depth, as well as for varying 
b/d ratios. 

In Virginia Polytechnic Inst. (Ref. L) are tests for (a) pairs of parallel 
plates; (b) parallel plates with an “open” deck between and of 33% opening; 

(c) half-through (i.e. I-Section): (See Ref. C) and (d) deck types of inverted 
channels. There are also half-through trusses with solid deck, and various 
others with “fins” simulating sidewalks. (The truss models cannot be dis- 
cussed, since their “solidity” is not given, only the ratio of web member and 


chord width to the total dimension.) The following tests do permit of tabu- 
lation for normal wind: 


Model type b/d = 2.86 3.00 3.33 4.0 5.0 6.67 10.0 12.6 20.0 


Values of Ch for Normal Wind 


Plate pairs 2.33 2.51 2.80 
do, with 33% open deck 1.50 1.33 «i 
Deck section 1.08 1.09 1.02 1.01 0.98 1.25 1.46 


Half-through section 1,14 1.17 1.16 1.25 1.67 1.75 1.74 


The following statement is quoted from page 38 regarding the pairs of 
plates with 33% open deck: “A section with a grid deck actually has a greater 
drag coefficient than the corresponding I-section with a solid deck. The solid 
deck causes a deflection and shielding of the air stream, which prevents the 
formation of a region of negative pressure, ------ which contributes to the 
drag, increases as the amount of openings in the floor increases.” 

The Virginia tests were made at attack angles from -12° to +12°, and the 
variation with attack angle is similar to that of other models. 
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Mention has been made that it was Eiffel (Ref. D) who found that for small 
values of b/d that there is actual suction between pairs of discs, of plates and 
of the trusses which are plotted in Fig. 7 and 8 as E; and Eg. Flachsbart’s 
Fj (aspect ratio 9.49, and Ref. G) shows that the drag for two girders drops 
well down between b/d values of 0.00 to 5.00.© Again Eg shows a sharp drop 
for very small value of b/d, and even at 7.0 the drag has risen only to 2.2. 

The nature of the flow about a girder span is well illustrated by smoke 
photographs in Ref. M, but more particularly in Part IV, Appendix III, of this 
reference, where detail is shown of the smoke flow through a perforated floor 
at different angles of attack.. 

To summarize the foregoing; open deck, through and deck spans, are alike 
in drag due to free flow of air between; there is also increase (nonlinear) with 
aspect ratio and also with girder depth; however, for closed deck half-through 
and deck spans, there is complete dissimilarity from (a) up-wind to (b) down- 
wind, and (a) are almost unaffected by number of girders in the span, but (b) 
dramatically so, for which the drag may become reversed in direction, i.e. 
up-wind. 

For the solid deck spans the “instability” mentioned for a change of attack 
through some 20° is sufficient to justify the following statement, supported 
also by Ref. K: that, until more tests are available on solid deck plate girder 
spans great care must be used in selecting a drag coefficient. This applies 
both to deck and to through spans. 

‘In general all of the tests provide much data of great value, and it is only 
because of the insufficiency of data in the instability regime that there can be 
disappointment. 


APPENDIX II 
Effect of Angles of Attack and of Yaw 


Vincent (Ref. N) has emphasized that, for the combination of attack and yaw 
angles, the “true” angle between the wind and the normal to the model is re- 
duced in proportion to the cosine of the yaw angle, which is less than unity 
for all angles. Fig. 9 of this Report suggests that a yaw angle of about 10 deg. 
or 15 deg. with zero attack angle, gives the maximum increase in drag, whose 
cosines are 0.985 and 0.966; hence (in view of all the variances between differ - 
ent sets of models) this cosine effect is inconsiderable. ------ It should be 
understood, though, that for attack angle alone the shadow of the chords is 
displaced, and that of the web diagonals only partially; also, that for angle of 
yaw the chords are not, the diagonals partially, and the verticals to full ex- 
tent; hence if the effect of angles of yaw be only added to that for attack we 
are partly duplicating the shielding effects of the diagonals. (Of course, also 
a solid deck directs wind flow against the leeward members, whereas an open 
deck only slightly does so). Use of the “true” angle avoids this, and tests 
should be made only for “true angle” (not for attack and yaw separately, with 
the results added.) 


e. The author has always felt that there is the same effect between respective 
members of parallel trusses, but the ratio for the member width to the 
truss spacing is so small that the effect is lost to sight. 
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Referring now to Figs. 2 through 5, and envisioning the R-H Curve “tilted” 
at 10° or at 20° at the two latter ones, it will be evident that the tilting would 
effect a change in pressure (i.e. change in the reduction of pressure) and there 
would result a considerable drop. On Fig. 4 should be noted that for normal 
wind the chord shadows are already displaced upward and downward, due to 
the spreading effect of the flow that passes over and under the span. This 
could only appear in Fig. 5 at end panels, and would probably be slight since 
the bulk of the bypassing air flows over and under, rather than about the ends 
of the span. These indications agree with the data on Fig. 7 and Fig. 8, in that 
the leeward truss or girder receives a greater amount of wind as the spacing 
ratio increases; however, it also follows that the displaced shadow effect is 
greater for close spacing, since for the more extreme spacings the truss 
wakes have all merged into an average of roughly 0.85. 

In Fig. 7 truss F3 at b/d = 7.0 has increased its drag for the truss pair by 
only about 60%, but it is still rising slowly to its ultimate of 1.85 times the 
single truss value. However, Fs has risen a little over 50% and is still in- 
creasing almost linearly. 

On the other hand, Aj, Ag, ASCE, B, and C and V, at b/d = 1.0 are well on 
the way to their full 185 per cent value, and would begin to “level-off” short- 


ly. It is very unfortunate that there are no test data available in the range of 
b/d from 1.0 to 4.0, or beyond. 


APPENDIX III 
Plotting of Curves by Means of Fig. 16, When ¢ is Known 


When, from a preliminary design of a truss span, there is known an ap- 
proximate value of ¢, then: 


Eq. (2) yields the value Cp = 1.8 for a single truss, i.e. for b/d = 0.0 in 
Fig. 7; 

Eq. (3) yields the value (Cp)2 = 3 -- 2¢, which the author has derived by 
semi-logarithmic plotting of the test values for b/d = 1.0 of Fig. 7, and which 
is a fair approximation when the many sources of test from which the data has 
been assembled is considered. 

To summarize: For such a curve, for given ¢, there are then known two 
points, viz. at b/d = 0.0 and b/d = 1.0. The curve can then be fitted into the 
assembly of trusses in Fig. 7, having in mind that at high value of b/d the 
curve must approach the value of 185 per cent of the drag for a single truss; 
but having in mind that this full value of the coefficient for a truss of low so- 
lidity will be achieved at a value of b/d much iess than 7.0. 

This conclusion is both intuitive and is also in accordance with the dis- 
cussions in the body of the Report, and the trends of Fig. 7. 

A similar procedure has not as yet been formulated for plate girder spans, 
although the author has indicated the trend of the coefficient for open deck 
girder spans, or for parallel plates. 
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APPENDIX IV 


A Photograph of the Eddy Formation in the Wake of an Infinitely 
Long Flat Plate Set Normal to the Wind 


Fig. 10 shows in four vertical columns a set of 44 frames from a high- 

speed film kindly loaned to the author.f These frames were selected at inter- 

vals of 25 each, which suffice to illustrate the development of the eddies in : 

about one cycle that arise from the flow about a long plate in a wind tunnel.8 

The central smoke “thread”, i.e. the “stagnation line* of the approach flow, 

shifts from side to side as each eddy develops, which is at the inception of the 

alternate forces on such a body, and each eddy begins to form before its 

predecessor grows sufficiently to disengage itself, and move downwind. The 

series begins at the top of the first column and progresses downward in each 

to the end in the lower right corner. When each eddy has progressed some 

five or more times the width of the flat plate it assumes the shape that charac- 

terizes the Karman Vortex Street; and since the aggregation moves downwind 

at about 14 per cent of the approach wind velocity, a sinuous alternating flow 

develops from the combination of the rotary and the translational flow motions. 
Where the smoke velocity of the trails is very rapid, or is rapidly chang- 

ing, the smoke pattern becomes vague; however, in some of the frames there 

is evident a “core” which is probably a small cylinder of smoke revolving as 

a “solid body” since at the center of a mathematical eddy the rotational ve- 

locity is infinite, and cannot exist otherwise. 
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The Committee on Wind Forces has for several years been working on a 
report to the Society the purpose of which is to assemble, correlate, and 
summarize existing information on the factors which determine wind forces. 
It is hoped that this report will provide a compact source of information ina 
form which will be of practical use to civil engineers. It is now presented in 
the following series of Proceedings papers: 


No. 


No. 
No. 


1707 
1708 
1709 


1710 
1711 
1712 


In combination these papers form a preliminary draft of the committee report. 
Discussion by Society members is invited in order to assist the Committee in 
writing the final version which will subsequently be published. 


The determination of wind forces on a structure is basically a dynamic 
problem. However, it has been conventional practice to treat such forces as 
static loads. This approach is satisfactory provided that the relationship 


Discussion open until December 1, 1958. To extend the closing date one month, 
a written request must be filed with the Executive Secretary, ASCE. Paper 1712 is 
part of the copyrighted Journal of the Structural Division, Proceedings of the 
American Society of Civil Engineers, Vol. 84, No. ST 4, July, 1958. 


a. Presented at meeting of ASCE, New York, N. Y., October, 1957. 


1. Prof. of Civ. Eng. and Director, Eng. Experiment Station, Univ. of 
Washington, Seattle, Wash. 
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between the time variation of the wind and the natural frequencies of the 
structure is such as to cause an essentially static response. This paper is 
devoted to that portion of the problem involving structures which respond dy- 
namically to the imposed wind forces. 


a Angle of attack. 

b Width of suspended structure—suspension bridge. 
h Depth of plate girder—suspension bridge. 

V Wind velocity (fps). 

d Diameter of a cylinder or width of a flat member. 
f Natural frequency of vibration (cps). 

n Frequency of vortex discharge (cps). 

S Strouhal number (nd/V). 

R Reynolds number 
6 


Logarithmic decrement 


Structures Subject to Oscillation 


Wind as a source of vibration in certain types of structures has only begun 
to be appreciated by the civil engineering profession during the last three 
decades. Prior to this period, and to a considerable degree even up to the 
present time, the prevailing design practice depended on a static wind load 
based on an arbitrary force constant which ignored the shape of the structure 
and the actual value of the wind velocity. 

Increasingly during the last two decades the profession has been forced to 
consider the possibility of wind-induced dynamic response on certain types of 
structures which had formerly been designed on the basis of static consider- 
ations. 

The several theories applicable in explaining, analyzing, and predicting the 
dynamic behavior of civil engineering structures subject to oscillation under 
the action of wind, have been outlined in a companion paper.* It will be in- 
structive to review the manner in which these theories, singly or in combi- 
nation relate to each of several important structural categories. 


Oscillation Due to Vortex Shedding 


Transmission lines, tall stacks, suspended pipe lines, hangers on arch 
bridges, and certain types of suspension bridges fall in a single category 
where the excitation has its origin in the shedding of vortices. The rate of 
vortex shedding is governed by the Strouhal number S, where S = nd/V. For 
circular cross-sections S may vary between 0.12 and 0.3 depending on 
Reynolds number (Curve D, Fig. 1). For circular cross-sections which fall 
within a range of R = 1000 - 100,000, the variation in S is small and the 


*“Fundamental Considerations” by Glenn B. Woodruff and John J. Kozak. 
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relationship S = 0.2 is commonly used. In the region below R = 1000, S falls 
off sharply to S = 0.12 at R = 100; and above R = 100,000 increases to S = 0.3 
at R > 700,000. In the classical literature it has been assumed that the rate 
of vortex shedding becomes aperiodic above R 100,000, (1,2,3) 

Some recent investigators have conducted extensive studies in the region 
above R = 100,000 and have noted a predominance of certain frequencies in 
this aperiodic range which suggest values of S as shown on the dashed ex- 
tension of Curve D in Fig. 1. (4,7,19,20) 

In the case of bluff shapes with sharp edges the effect of Reynolds number 
is relatively slight with S > 0.14 for a thin flat plate normal to the wind (Fig. 
1).(1,2) The rounding of the corners tends to alter the Strouhal number and 
develop a critical region where the drag coefficient falls off abruptly and the 
wake tends to become aperiodic with an attendant increase in the Strouhal 
number, (4 

It is characteristic of structures which oscillate as a result of vortex shed- 
ding that the motion will start at a wind velocity somewhat less than V = fd/s 
(where f is some natural frequency of the structure, or structural component). 
As the wind velocity is increased, the increasing amplitude will reach a maxi- 
mum when a condition of resonance exists between the rate of vortex shedding 
and the natural frequency of the structure, i.e. when f = n.(3,5,6,7) 

In brief, the structure is able to control the rate of vortex shedding over a 
limited range of wind velocity below and above the resonant velocity. At some 
higher wind velocity, depending on the stiffness inherent in the structure, 
motion may develop again at a higher frequency appropriate to some other 
natural mode for the structure. 

High tension transmission lines are subject to vortex excitation in the 
manner just described, but due to the length and flexibility of the line a large 
number of very closely spaced vibration modes are possible; indeed there is 
evidence that the modes actually overlap. (8) It appears that the frequency of 
vortex shedding for any steady wind below approximately 35 mph will corre- 
spond closely to some vibration mode and vibration frequencies as high as 
30 cps are not uncommon. Amplitudes of vibration seldom exceed the diame- 
ter of the cable and this type of structure can be brought under reasonable 
control by certain damping mechanisms.(9) The absence of oscillation in high- 
er wind velocities is thought to be due to increased turbulence in these higher 
winds combined with a higher level of structural damping which arises with 
the shorter wave lengths which accompany the higher frequencies. 

The typical tall stack which has been observed in oscillation under wind 
action in recent years has been constructed with a welded steel shell and is 
generally lined with a lightweight gunite. It is improbable that oscillation will 
develop in any but the first vibration mode since the ratio between natural 
frequencies of the two lower modes will be quite high. The frequency of 
motions observed on this type of structure has been in the order of 1.0 cps in 
the unlined state. In several cases of damage to tall steel stacks the trouble 
arose in this unlined state. However, it has been reported that the additional 
stiffness contributed by the lining was surprisingly small.(10,11) It seems 
reasonable to assume that the chief gain with the addition of the lining lies in 
the added damping which would act to limit the amplitude. 

Field observations have been made on a number of tall stacks where bend- 
ing oscillation was noted in wind velocities ranging between 15 and 60 mph 
and with double amplitudes up to 32 inches, the motion has been reported as 
irregular or spasmodic.(10,11,12,13) It is important to note that all recent 
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observations on tall stacks have involved Reynolds numbers well above the 
range noted in Fig. 1 for circular cylinders. Oscillation has been observed at 
Reynolds numbers as high as 11,000,000 but at frequencies which were not 
compatible with any conventional value of the Strouhal number for this shape. 

Recent investigations on multiple stacks in line, at supercritical values of 
Reynolds numbers have demonstrated that the oscillation could not have been 
forced as a result of resonance between the rate of vortex shedding and the 
natural frequency of the stack. It has been suggested that the excitation must 
have been of a self-excited nature. It was observed on several stacks that the 
frequency of oscillation remained constant over a wide range of wind velocity. 
No adequate explanation of the basic aerodynamic phenomenon involved in this 
self-excited motion has yet been offered.(7,13) 

Typically the modern tall stack is a part of a large power plant installation 
with multiple stacks arranged in line, usually with equal spacing. It has been. 
suggested that a wind directed along the line of stacks, or even at a moderate 
angle to this line, may involve a buffeting action on the down wind stacks due 
to the turbulent wake behind each stack.(13,14) 

Fig. 1-a shows a typical arrangement of the vortices behind a circular 
cylinder and includes the classical computations of von Karman regarding the 
spacing of the vortices in each row, the width of the wake h and the down- 
stream velocity u of the vortices. (2) This information is of some value in ex- 
plaining the buffeting action previously mentioned. 

Considerable evidence exists which indicates that a single isolated stack 
may be subject to a simple forced vortex excitation arising from resonance 
between the rate of vortex shedding and a natural frequency of the stack, (10) 
This phenomenon has also been observed on a number of similar structures, 
notably submarine periscopes. 

Stacks are also subject to another type of oscillation known as “ovalling.” 
This type of motion has generally been seen on stacks before lining was in 
place and consists of a rhythmic change in the circular cross section of the 
stack where the diameter alternately increases and decreases by several inch- 
es. This phenomenon occurs separately or in combination with a bending 
oscillation. The ovalling has occurred at twice the wind velocity indicated by 
the Strouhal number and may have involved “subharmonic excitation” in which 
the exciting force acted at twice the frequency of the oscillation, (5,10, 11,15) 

It is evident that two cycles of ovalling occurred during one vortex cycle. 

Suspended pipe lines are reported to have oscillated at very low wind ve- 
locities. Only one published record of motion on this type of structure has 
been found and fortunately the behavior has been quite fully documented. (16) 
The 30-inch diameter line was observed to oscillate in its fundamental mode 
at f = 0.32 cps in winds between 4 and 6 mph with a double amplitude that oc- 
casionally reached 6 ft. The logarithmic decrement measured in still air was 
6 = 0.007, which represents a very low level of damping. 

If the peak amplitude occurred at 5 mph (7.34 fps), then the apparent 
Strouhal number S = fd/v = 0.109, which is much too low for this shape. It is 
evident that this value for S is exactly half of a reasonable S = 0.218, so clear- 
ly this structure was subharmonica)ly excited by vortex shedding at twice the 
natural frequency of the structure.\9) This type of excitation can only occur 
in a non-linear system. (15) 

Hangers in tied arch steel bridges have been known to vibrate under the 
action of wind when the hangers were formed from light bearing pile sections. 
In at least one case several of the hangers failed, under repeated stress 
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arising from the motion, in the very early life of the structure. The oscil- 
lation arising in these cases also has its origin in the shedding of vortices. 
The Strouhal number applicable to a symmetrical H section will vary between 
S = 0.120 and 0.137, depending on the wind direction. (Fig. 2) 

On one recent bridge of this type several of the longest hangers were 
recently observed to oscillate, both laterally and in a torsional mode. Twelve- 
inch light bearing piles were used in these hangers. The wind impinged paral- 
lel to the minor axis for the section and the Strouhal number should be taken 
as S = 0.12. It was reported that the frequency of the bending oscillation was 
approximately 3 cps with wind estimated at 25-30 mph, and the lateral vi- 
bration amplitude about 0.5 inch. Under these conditions the wind velocity 
V = nd/S = 17.1 mph, a value which is sufficiently close to the estimated wind 
velocity (which is generally high) to indicate that the motion was harmonically 
excited. An obvious solution to this problem calls for an increase of the natur- 
al frequency of the hangers, in both torsion and bending. 

This can be accomplished by changing the H section to a box section by 
welding closing plates on two sides. An alternate solution which can develop 
still higher natural frequencies would call for a horizontal beam or truss at 
about mid-height connection the 6 or 8 longest hangers. In this manner the 
fundamental vibration mode in both torsion and bending will be inhibited. The 
first asymmetric modes will develop a very much higher frequency. 

Girder-stiffened suspension bridges, on which the ratio of the depth of the 
girder h to the width of the bridge b falls between h/b 0.23 and 0.07, will be 
subject to a pure subharmonic vortex excitation in either a torsional or a 
bending mode, depending on the magnitude of the wind velocity. The maximum 
rate of transfer of energy from a steady wind will occur when the approaching 
wind is horizontal and normal to the alignment of the bridge. The bending 
mode will be of a “restricted” form with a series of distinct modes developing 
as wind velocity is increased, and with each mode persisting over a limited 
velocity range but with the same value of v/fb.45,6) 

In the laboratory each of these torsional and bending modes appears twice, 
but at the same frequency. The first appearance of each mode is very weak 
and is most probably completely suppressed by any level of damping which 
may exist in the field. 

On a typical girder-stiffened bridge the first torsional mode (with a single 
wave in the main span) will not develop unless the torsional stiffness of the 
towers is negligible. (6) Therefore the second torsional mode (with a single 
node at mid-span) will show at a relatively low wind velocity and since it de- 
velops catastrophically ,** will suppress any vertical modes which may tend to 
develop above the critical wind velocity in torsion. This single-noded torsion- 
al motion may be inhibited by tying the main cable to the deck structure at 
mid-span with diagonal stays. However, on some designs there may be the 
possibility of a two-noded torsional motion with a lower natural frequency than 


*The significant parameter v/fb is a constant for all bending modes ona 
given structure. A similar but different constant exists for torsional modes. 
In classical aerodynamic literature v/fb is known as the reduced velocity, 
or simply the velocity ratio. 

**A catastrophic response is one which increases in amplitude indefinitely 
with increase in wind velocity until the damping and mechanical restraints 
inherent in the design limit the motion of the structure fails. 
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the single-noded motion, depending on the torsional stiffness of the towers. 
This mode would not be affected by the mid-span diagonal stays. 

The subjugation of the asymmetric torsional modes through the use of 
center diagonal stays does not provide a satisfactory overall solution since 
the first two or three restricted bending modes may reach double amplitudes 
of 5 or 6 feet depending on the proportions of the bridge, the stiffness of the 
suspended structure and the magnitude of the structural damping. 

Laboratory investigation has indicated clearly that with this type of girder- 
stiffened structure the oscillations are of the nature of a subharmonic reso- 
nance. While the structure is at rest, the vortex frequency is controlled by 
the wind; but at certain discrete wind velocities, the vortex frequency will 
either coincide with, or be a multiple of one of the frequencies of motion of 
the structure. Such coincidence results in a self-excited oscillation. 

Beyond the critical wind velocities the oscillating structure and not the 
wind velocity controls the vortex frequency. In such cases the range of bend- 
ing oscillation extends over certain finite ranges of wind velocity. The lower 
limit of each range is a critical velocity. The upper limit is not as well de- 
fined as the critical velocity, and between the upper limit and the next critical 
velocity the structure may be substantially at rest, although under some con- 
ditions the modes may overlap to a certain degree. 


Oscillation Due to a Negative Slope on the Lift or Moment Curve 


Ice-coated transmission lines behave in a very different manner than that 
previously described with respect to bare lines. In the latter case the vi- 
bration was at a very high rate, in the order of 30 cps, with the motion being 
forced by vortex discharge. The ice-coated line “gallops” at a rate of 1 cps 
or less, in either of the two lower modes, in wind velocities which rarely ex- 
ceed 25 mph. (17) 

Since the ice coating on these lines is not symmetrically distributed, with 
respect to the cross section of the line, the slope of the curve of lift plotted 
against angle of attack will’ be negative over a certain limited range of angle 
change.(15) (Fig. 3) 

Deep Plate Girder-Stiffened Suspension Bridges, where h/b > 0.23 show a 
surprising development where the bending mode, which for smaller ratio of 
h/b is definitely restricted, now becomes catastrophic. It is significant that 
the slope of the lift curve becomes negative on girder stiffened sections as 
h/b exceeds approximately 0.24.(3,6) x 

It seems reasonable to assume that the catastrophic response developing 
on this structure arises from a combination of subharmonic vortex excitation 


augmented by the self-excitation growing out of the negative slope of the lift 
curve, (6 


Oscillation Due to Flutter 


Flutter may be the cause of oscillation on any flexible type of structures 
involving large flat areas upon which the wind impinges at a relatively small 
angle of attack. Such conditions may arise on large cantilever roof structures, 
certain types of suspension bridges, inadequately supported signboards, and 
various elements which, during erection may be inadequately supported. 
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Essentially flutter consists in the coupling of a bending and a torsional 
mode whose natural frequencies are not too dissimilar.(5,6,18) The flutter 
response tends to be of a catastrophic nature, but due to a possible weak 
coupling action plus the effect of vortices shed from blunt elements in the vi- 
cinity of the leading edge of the flat surface, the slope of the response curve 
may be considerably flattened. In the presence of a strong coupling action 
and minimum vortex effect a flutter response may be very violent, reaching a 
destructive amplitude in only a few cycles of oscillation from rest. 

Certain types of truss-stiffened suspension bridges may be subject to 
flutter if the torsional stiffness of the suspended structure is inadequate. 
Likewise, girder-stiffened suspension bridges with h/b < 0.07 will also show 
flutter tendencies. 

None of the laboratory investigations conducted on truss-stiffened sus - 
pension bridges have isolated pure vertical oscillations. If the natural fre- 
quencies in bending and torsion are not too widely separated, a coupling of the 
two modes may occur. In this type of excitation the frequency of the coupled 
motion will fall between the natural values for the bending and torsional modes 
and the center of rotation will have moved perceptibly up-wind. In the course 
of extensive investigation using full models of suspension bridges the center 
of rotation has, for some conditions, been observed to shift up-wind ahead of 
the windward truss. 


APPENDIX 
Wind Design Criteria for Suspension Bridges 


The following statement is taken from the 1952 Report of the Advisory 
Committee on the Investigation of Suspension Bridges. (5) It represents a con- 
cise presentation of a summary of the details of the wind problem confronting 
the engineer in designing this type of structure. 

As a general guiding influence this statement is applicable to many other 
problems of wind excitation. In the case of certain structures the simple 
shape involved may eliminate the need for further laboratory investigation. 


Summary of Procedure 


“The aerodynamic forces which act upon a bridge in the wind depend only 
upon the velocity and direction of the wind and the size, shape, and motion of 
the bridge. The occurrence of resonance involving these wind forces with the 
motion of the bridge depends upon the same factors. The amplitude of oscil- 
lation which may be built up depends upon the strength of the wind forces (in- 
cluding their variation with amplitude) the energy storage capacity of the 
structure, the structural damping and the duration of a wind capable of exiting 
motion.” 

“The wind velocity and direction (including vertical angle) can be de- 
termined by extended observations at the site. They can be approximated with 
reasonable conservatism on the basis of a few local observations and extended 
study of more general data. The choice of the wind conditions for which a 
given bridge should be designed may always be largely a matter of judgment.” 

“The size and shape of the bridge are, of course, known. Its motion, con- 
sisting essentially of natural modes of vibration, is determiued completely by 
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its mass, mass distribution, and elastic properties, from which the motion and 
energy storage capacity can be computed by reliable methods.” 

“The only unknown element is that factor relating the wind to the bridge 
section and its motion. This is a highly individual factor which cannot at 
present be generalized but is subject to reliable determination in each case. 
Properties of the bridge including its elastic forces and its mass and motions 
(determining its inertial forces) can be computed and reduced to model scale, 
and wind conditions bracketing all probable conditions at the site can be im- 
posed upon a section model. The motions of such a dynamic section model in 
the properly scaled wind will duplicate reliably the motions of a convenient 
unit length of the bridge. The wind forces and the rate at which they can build 
up energy of oscillation respond to the changing amplitude of the motion, and 
the rate of energy change can be measured and plotted against amplitude. 
Thus the section model test measures the one unknown factor which can then 
be applied by calculation to the variable amplitude of motion along the bridge 
to predict the full behavior of the structure under the specific wind conditions 
of the test. These predictions are not precise but are about as accurate as 
some other features of the design analysis.” 

“As stated, this factor, relating bridge movement to wind conditions, is 
highly individual; therefore, detailed criteria for the design of favorable bridge 
sections can not be written until a large mass of individual data has been ac- 
cumulated. However, it can be stated that: 


(1) In general, a truss-stiffened section is more favorable than a girder- 
stiffened section. 

(2) Deck slots and other devices which tend to break up the uniformity of 
wind action are likely to be favorable. 

(3) The use of two plates of lateral system to form a four-sided truss can 
materially increase the frequency of any torsional motion. Such design 
strongly inhibits flutter and also raises the critical velocity of a pure 
torsional motion. 

(4) For a given section a high natural frequency of vibration is usually 
favorable— 


(a) For short to moderate spans a useful increase in frequency, if need- 
ed, can be attained by increased truss stiffness. (Although not close- 
ly defined, the term “moderate spans” may be regarded as including 
lengths to about 1800 ft.) 

(b) For long spans it is not economically feasible to obtain any material 
increase in natural frequency of vertical modes above that inherent 
in the span and sag of the cable. 

(c) The possibility should be considered that for longer spans in the 
future, with their unavoidable low natural frequencies, oscillations 
due to any unfavorable aerodynamic characteristics of the cross 
section may be more prevalent than in the case of bridges of moder- 
ate span, 


(5) It appears probable that at most bridge sites the wind is broken up—that 
is, non-uniform across the site, unsteady and turbulent so that a con- 
dition which could cause serious oscillation does not continue long 
enough to build up an objectionable amplitude. However, 


(a) There are undoubtedly sites where the winds from certain quarters 
are unusually steady and uniform. 
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(b) There are bridge sections on which any wind over a wide range of 
velocity will continue to build up some mode of oscillation. 


(6) An increase in stiffness arising from increased weight increases the 
energy storage capacity of the structure without increasing the rate at 
which the wind can contribute energy, and thereby increases the time 
required to build up an objectionable amplitude. This may have a bene- 
ficial effect much greater than is suggested by the percentage increase 
in weight because of the sharply reduced probability of the wind continu- 
ing unchanged for the greater length of time. Increased stiffness may 
give added structural damping and other favorable results.” 


“Although more specific design criteria than the above cannot be given, it 
is possible to design a suspension bridge with a high degree of security 
against aerodynamic forces. This involves the calculation of natural modes 
of motion of the proposed structure, the performance of dynamic section model 
tests to determine the factors of behavior, and the application of these factors 
to the prototype by suitable analysis. This analysis is not more complicated 
than that commonly applied to the design of the structure for static loading al- 
though at present it is less familiar.” 

“If the analysis forecasts an unfavorable aerodynamic behavior it will also 
suggest the general line of modification which is likely to result in im- 
provement at least expense. The modified design must then be investigated. 
This procedure is similar to that by which the most economical and satis- 
factory of several alternate designs is usually established.” 
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THE LOAD DISTRIBUTION IN HIGHWAY BRIDGE DECKS 


Closure by A. W. Hendry and L. G. Jaeger 


A. W. HENDRY! and L. G. JAEGER.2—The authors would first express 
their thanks to Mr. Chaudhuri for his generous assessment of their method 
for the analysis of highway bridge decks. 

In reply to the points raised by Mr. Chaudhuri, the authors suggest that one 
of the main advantages of their method is that nearly all the factors which he 
has mentioned in his discussion can be assessed quantitatively, and very easi- 
ly, by means of their theory; it was not, of course, possible to examine these 
matters within the limits of the paper. The effect of the positioning of cross 
girders in a torsionless bridge can, for example, be allowed for by taking the 


effective value of the number of gross girders in calculating the parameter K 
as 


+ Ecos ane ) 


where the transversals are placed at distances €1, €o ....... from mid span. 
From this it will be seen that the effective value of K for a given total trans- 
verse inertia is twice as great when the transverse medium is concentrated 

in a single beam at mid span as when it is uniformly spread over the span. 
There is thus no difficulty in allowing for cross girder positioning and no need 
to avoid the issue by an approximation, It remains to point out that cross 
girders are not usually put in only as a means of securing the distribution of 
heavy loads; more often they are intended in the first instance to provide sup- 
port for the road slab or trough floor, which in some designs spans longitudi- 
nally between the cross girders. 

The question of whether it is worth considering the effects of inter- 
connection in any given case is also very easily investigated. On very long 
spans it is obvious that dead loads will predominate and that even very heavy 
vehicle loads will not be of prime importance in relation to the design of the 
main members; on the other hand, the authors do not agree that load distri- 
bution is unimportant in very small bridges. It is, indeed, quite impossible to 
lay down any range of spans over which interconnection may be considered 
with advantage. Comparison of dead and live loads, computation of the pa- 
rameters K and Q and inspection of the graphs of distribution coefficients will 
usually show in a few minutes whether detailed calculations need be carried 
out. In practice, bridges are designed for the span fully loaded with some 
particular design live load and this will always be the starting point for ob- 
taining the sections of the main girders, deck slab etc. In relation to sucha 


a. Proc. Paper 1023, July, 1956, by A. W. Hendry and L. G. Jaeger. 
1. Prof. of Building Science, Univ. of Liverpool, Liverpool, England. 
2. Lecturer in Eng., Univ. of Cambridge, Cambridge, England, 
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loading, distribution theory has little relevance since the main girders will 
deflect more or less by the same amount and there will be little re-distri- 
bution of the load by the transverse system. The point is that the design re- 
sulting from this procedure will nowadays have to be re-examined in order to 
assess its capacity in regard to very large concentrated loads such as in- 
dustrial trailers or army tanks and it is here that the authors’ theory will be 
of considerable assistance to the designer as he will be able to undertake this 
work very quickly and to see whether any economically feasible modifications 
would permit higher excess loads to be carried or whether the design can be 
lightened in any way whilst still meeting the requirements of his specification. 
As Mr. Chudhuri points out, the theory can be applied in the same way to exist- 
ing bridges. 

Exactly similar remarks can be made with respect to torsion. Computation 
of the parameters K and Q and the use of the interpolation function provide an 
immediate means of assessing the importance of torsion in any given case. 

As a rule it is safe to neglect torsion, but by so doing one may overestimate 
the bending moments in a longitudinal by as much as 20 or 30 per cent, which 
is certainly economically significant. 

Mr. Chaudhuri has referred to the design curves based on Massonet’s 
analysis which have recently been published in England. The authors are 
about to publish a comprehensive work(19) which will show the application of 
their methods to many different problems and which will include curves of 
distribution coefficients for all cases from two to six longitudinals. As com- 
pared with the Massonet curves, the authors believe that their own curves 
give a much clearer and more direct impression of the behaviour of inter- 
connected systems and since the authors’ theory deals with actual girder spac- 
ings the rather awkward interpolations required in the Massonet method are 
avoided. The authors’ method in fact helps the designer to get the “feel of the 
problem and assists him to develop his structural sense in relation to this 
type of structure. 


RE FERENCE 
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VEHICLE LOADS AND HIGHWAY BRIDGE DESIGN@ 


Closure by Stewart Mitchell and Gerald F. Borrmann 


STEWART MITCHELL, ! M. ASCE and GERALD F. BORRMANN,2 J. M. 
ASCE.—Mr. Wright’s discussion of the paper is greatly appreciated and it is 
to be regretted that so basic a change in design specifications as the design 
loads for highway bridges does not arouse more discussion. A solution is 
largely a matter of experience and engineering judgment involving no mathe- 
matical stunts or new applications of the principles of mechanics. 

The writers agree with Mr. Wright that “maximum real strength provided 
by current methods” is the proper criterion for a better design loading. The 
data presented indicated that the present H20-S16 loading simulated fairly 
well the effect of legally operated vehicle loads. It also indicated that it pro- 
vided a fairly uniform margin of safety for steel spans but not in the case of 
concrete spans. The reason for this is not only the use of the same factor of 
safety for both live and dead loads but also the empirical rules covering 
distribution of loading over concrete beams and slabs. The writers therefore 
agree with Mr. Wright that a study of more realistic rules for stress analysis 
should go with the design of a more logical design loading. 

“ There should be little argument about the cost of replacing existing bridges 
being an extremely important factor in setting up future design standards. 

The paper expresses the opinion that the present H20-S16 standard of the 
AASHO is as high as the economy of highway transportation can justify. The 
question is whether it is practicable to obtain a more uniform margin of safe- 
ty at approximately that level for all types of structure. The first step toward 
it is to find the design loading that best fits the effects of actual vehicle loads 
under all conditions of geometric design and load distribution. The second, 

no less important, is to find the maximum values for each load and force that 
has to be provided for in the design and give each its proper relative weight. 


a. Proc. Paper 1302, July, 1957, by Stewart Mitchell and Gerald F. Borrmann. 


1. Cons. Engr., Sacramento, Calif. 
2. Civ. Engr., Earl & Wright, Cons. Engrs., San Francisco, Calif. 
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FATIGUE RESISTANCE OF PRESTRESSED CONCRETE BEAMS IN BENDING@ 


Closure by Carl E. Ekberg, Jr., Rene E. Walther and R. G. Slutter 


CARL E. EKBERG, JR.,! A. M. ASCE, RENE E. WALTHER,?2 and 


R. G: SLUTTER.3—It was one of the aims of this paper to advocate a concise, 
and uniform mode of presentation of test results concerning fatigue. This 
aim was decided upon after numerous published reports were studied, and an 
attempt was made to compare results on the basis of the ratio of fatigue 
strength to static strength. A ratio of one, for which Dr. Abeles was quoted, 
was obtained from a publication in the Journal of the Institution of Structural 
Engineers of October 1951. In this publication Dr. Abeles discusses fatigue 
tests conducted on a “Slab S2” at Liege, Belgium and he states the following: 


“This proves that fatigue does not affect well-bonded wires in pre- 
stressed concrete up to 0.2 in., whether they are tensioned or un- 
tensioned, the full strength of both types being reached at failure, though 
the same wire failed, under fatigue conditions at approximately half the 
load where not bonded. Thus, the ultimate resistance of under-rein- 
forced prestressed concrete with bonded wires is not affected by fa- 
tigue.” 


The authors did not misunderstand the report of Dr. Abeles, but they de- 


liberately wanted to underscore that the term fatigue gains scientific meaning 
only when qualified by range and duration of repetitive loading. 


oN 


. Proc. Paper 1304, July, 1957, by Carl E. Ekberg, Jr., Rene E. Walther 


and R, G. Slutter. 


. Assoc. Prof., Dept. of Civ. Eng., Lehigh Univ., Bethlehem, Pa. 
. Research Associate in Civ. Eng., Lehigh Univ., Bethlehem, Pa, 


Research Instr. in Civ. Eng., Lehigh Univ., Bethlehem, Pa. 
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EFFECT OF INITIAL ECCENTRICITIES ON COLUMN 
PERFORMANCE AND CAPACITY2 


Corrections by John M. Hayes 


CORRECTIONS.—The four equations on page 1440-28 of this paper should 


have the bracket on the right end of the equations moved so as to include the 
term 6 4/Ly. 


a. Proc. Paper 1440, November, 1957, by John M. Hayes. 
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ULTIMATE STRENGTH ANALYSIS OF LONG HINGED 
REINFORCED CONCRETE COLUMNS# \ 
| 


Discussion by J. J. Hromadik 


J. J. HROMADIK.!—The authors are to be commended on their presentation 
of a most comprehensive and detailed evaluation of existing data in relation ‘i 
to inelastic buckling of rectangular reinforced concrete columns. Although 
the column problem has probably generated more theses than any other single : 
subject, much still remains to be accomplished in the field of concrete ; a 
columns. Indeed, the authors have provided excellent tools for further studies. 
The Navy’s concern regarding column action is focused on the behavior of 
long piles supporting waterfront structures in deep waters. These piles com- 
q prise various cross-sections of both prestressed and reinforced concrete. 
F Knowledge of the column behavior of these sections is paramount to the econo- q 
‘ my of design. This has led to a need for generalization of the theory by this % 
; writer. As others also may desire a generalized theory applicable to various 3 
cross-sections, some suggestions are offered as a supplement to the authors’ a 
tools. Notations, other than those of the original paper, will be defined where a 
they first appear. | 


Concentrically Loaded Columns | 


The theories of the original paper can be applied readily to concentrically hf 
loaded cross-sections of prestressed concrete. In design, where the initial aa 
residual prestress is relatively low, say 400 psi or less, the prestress load 
will have little to negligible effect on the ultimate load. The sections can be 
treated as plain concrete. The general tangent modulus relation is 


° where the stability factor, C, is a function of the end conditions and the cross- 
section. Table 1 lists values of C for hinge-ended columns for the various 4 


cross-sections indicated. Corresponding buckling curves for these sections 
are presented in Fig. 1 for an c of 6000 psi. The curve for the octagonal 

. section with a hollow circular core is not included, as it is nearly coincidental 
with the solid rectangular section. 

In designs where the prestress load exceeds 400 psi, its effect on the ulti- 
mate P/A load is measurable. For an initial residual prestress of 1000 psi 
the ultimate load will be somewhat lower in the long column range, approxi- 
mately 10 per cent for an 1/d of 40. This approximation is based on the 
following relation for a rectangular cross-section: 


a. Proc. Paper 1510, January, 1958, by Bengt Broms and I. M. Viest. 
1. Senior Project Engr., U. S. Civ. Eng. Lab., Port Hueneme, Calif. 
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where Fa = residual prestress 
E; = E, the concrere strain at which 


measured. 


= stranm under prestress /oad 


Eccentrically Loaded Columns 


In line with the authors’ assumptions their Eqs. (17) and (18), relationships 
between loads, moments, and strains, can be expressed in general form so as 


to be applicable to any cross-section. The following general equations can be 
derived: 


as OS We — 0.0075 Xp . «@ (3) 


where Wp = @ + @,NEu- 85E.) 

Xp a,€4 az é 

Yp = (A,-E, +(A2- 42), 

and 


M D 0.0075 Xm + 0.10 Yu of (4) 
c 


Xm = be, + B€, 
Ym = (B,-4)& 
Em = + 2(8,-b)EG + 


The parameters for these expressions are defined below. The general ex- 
pressions apply for Cases I, Il, III, and IV given in the original paper. 

The parameters are as follows: 

The value D is a dimensional factor necessary to change the quantity to 
that of the cross-sectional area of the concrete as expressed on the left-hand 
side of the equations. Its value for the rectangular section is 1.000, for the 
circular section is 1,273, and for the octagonal section is 1.207. 
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The values of A, through As and By through Bs are functions of the shape 
of the cross-section and the portion of concrete remaining uncracked, as de- 
fined by k, the ratio of the uncracked section to the total depth of the section. 

The values of a; through as and by through bs are functions of the shape of 
the cross-section and the portion of the section where the strains are greater 


than €,, as defined by the ratio K, which locates the &, strain in the cross- 
section. Its value is given by 


- ¢, 


Hence, when a is less than &, , the a and b values are zero and the equations 
reduce to 


p| - +t Sp (5) 
Ad E, 


which is Case I and II of the original paper. For this condition of strain the 
value K as given by the above relation is negative, defining the location of the 
€. strain as outside the cross-section. 

The values of S, and Sy are the steel contributions to the loads and 
moments respectively. No attempt is made to evaluate these, as their value 
is dictated by the number of bars and their location, and requires individual 
consideration. Sp and Sy can be evaluated in accordance with the original 
paper. 

Tables 2, 3, and 4 evaluate the above parameters for the rectangular, 
circular, and octagonal cross-sections respectively, with examples of appli- 
cation presented in Table 5. The tabulated values, while well within the ac- 
curacy of the assumptions, show a slight deviation from exact values, due to 
“rounding off” quantities. Where designs include a hollow circular core, the 
general expressions for the circular section, in terms of the core diameter, 
apply as a negative quantity. 

The general equations presented, together with the authors’ theory, offer a- 
means of constructing a family of buckling curves for a wider variety of 
cross-sections. Their application to the rectangular section is not necessari- 
ly recommended, as they tend to be more complex than the relations of the 
original paper. They are offered as a means of comparison. The equations 
are, however, recommended for investigations dealing with the circular and 
octagonal sections. It is recognized that other factors, beyond the scope of 
this discussion, as creep, spiral reinforcement, duration of load, etc., may 
necessarily influence the solution. These should be treated accordingly. If 


the general expressions, as presented, do nothing more than prompt adcitional 
study, they will have served. 
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TABLE 


EXAMPLES RECTANGULAR CROSS-SECTION 


= 15x10” K=o . all and values + © 
E, k = 0.60 


= 20x10” 


Yp = 84o00(1.5) + 3. Goo (- 1.0) 
Z, = 6.238(1.5) + + 14.38 (-10)" 


E, = 30x10” 3.°-2.0 
# 


3 


E, = -L0xlo 


- 20x10” 


k= 096 
Wm = (1.6664 0.210 0.85 x 2.0) 
Xm 1666(39 + 0.2/0 
Ym = (872-1 6663.0) + (0.004 0, 210 
z 
(1.095 489K 3.0) + 2(0.171- 01773. + (-0./74- 0.032)Cz. 
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TENTATIVE RECOMMENDATIONS FOR PRESTRESSED CONCRETE?# 


Discussion by W. J. Jurkovich 


W. J. JURKOVICH,! A. M. ASCE.—As a member of the Committee, the 
writer would like to comment on the following sections: 


207.1.2 Stress at Design Loads 


Notation defines fy as nominal yield point stress of prestressing 
steel. This paragraph states effective steel stress should not ex- 
ceed 0.60 f, or 0.80 fsy. How does one get an actual figure for 
fgy since the definition is so broad? If the intention is .2% 
permanent set or some other figure, it should be so stated. 


207.3.4 Anchorage Bearing Stresses 


There is no mention of anchorage devices. Deformation of anchor 
plates can be more critical than high concrete stresses. It is 

recommended that actual tests be given consideration for accept- 
ability of anchorages and bearing stresses. It is doubtful if bear- 
ing stresses for Freyssinet cones can be accurately calculated, 
but tests and actual installations indicate adequate performance. 


Method 2 


The pretension loss of 35,000 psi appears to be on the high side. 
The other drafts of the report presented a range of losses which 
appeared reasonable. If one loss is to be given it seems that the 
average would be selected. Actually the only additional loss that 
the pretensioned units have is in shrinkage. 


It appears that 25,000 psi loss is adequate for post-tension 
members. The additional losses in pretensioning is due mainly to 
the additional shrinkage. The post-tension losses assume about 
half shrinkage loss after stressing. Therefore pretension losses 
should be increased by this amount over the post-tension losses 
of 25,000 psi. — loss due to half shrinkage can be estimated at 
4800 psi, say 5000 psi. This added to the 
post-tension loss gives a total of 30,000 psi loss for pretensioning 
and there appears to be no reason for specifying losses greater 
than 30,000 psi. 


a. Proc. Paper 1519, January, 1958, by ACI-ASCE Joint Committee. 
1. Senior Bridge Engr., California Div. of Highways, Sacramento, Calif. 
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Design of Web Reinforcement 


Near the support of a post-tensioned member the prestressing 
units are distributed in a vertical direction. What then is the 
value of “jd” in the equation? It appears that the depth of the 
member should be used instead of a “jd” value. This “jd” value 
would approach zero in many cases. 


Design of Composite Section 


Physical properties of the composite section ------------------- 
in accordance with the ratio of the two moduli of elasticity”. If 
“concrete of different qualities” means lightweight concrete slab 
on an ordinary concrete girder the statement is acceptable. How- 
ever, this situation is a special case and a general statement 
should not be used. 


If the slab and girder concrete are both of the same type, but 
different strengths, such as 3000 psi and 5000 psi respectively, 
then the statement is not correct when considering the practical 
aspects. It is well known that the modulus of elasticity of concrete 
varies with the strength of the concrete, the intensity of stress in 
the concrete and other factors. In checking the uplift of pre- 
stressed girders it has been found that E, = 3.5 x 106 psi gives 
calculated deflections in agreement with the measured deflections 
with concrete strengths between 3000 psi and 5000 psi. The E, is 
apparently the same for various qualities of concrete. The most 
logical explanation is that the stress intensities are such that the 
value of E. remains practically a constant since the higher the 
stresses, the greater strength concrete is required. 


Consider 3000 psi concrete, usually used in bridge deck slabs, 
stressed from 300 psi to 800 psi when live loads are applied to the 
structure and 5000 psi concrete in the prestressed girder with 
stresses up to 2000 psi. It is quite probable that the apparent 
value of E,, is the same for both the slab and girder because of the 
stress intensities in the members. Why then must the design be 
unnecessarily complicated with minor theoretical assumptions 
which can be logically challenged when it is known that a poorer 
quality of concrete with low stresses can have the same E, as a 
higher quality concrete highly stressed. 


Then for another approach see 203.2a in which: 


E for 4500 psi = 1,800,000 + 500 x 4500 = 4.05 x 106 
E for 3000 psi = 1,800,000 + 500 x 3000 = 3.3 x 106 
4.05 


33° 1,227 or a difference of 22.7%: but 203.2a says that E 


varies from calculated values by as much as 25%. Therefore we 
are calculating transformed areas to greater accuracies than the 
values we are using in those calculations. 


If {‘, for the slab is 3500 and f", for the girder is 5000 then 


43 
E = 355° 1.21 or 21% diff. 


Definitely, there is no reason for the refinement specified. 
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MOMENTS IN BEAMS BY THE METHOD OF PARTIAL MOMENTS?# 


Corrections by Harry Posner 
Discussion by William S. Walker and Joseph T. Kolibal 


CORRECTIONS. —On page 1567-1, third line from the bottom, “slide-work” 
should be changed to “slide-rule work.” 

On page 3 the term Co9L3 in the twelfth line after Eq. (13), should read 
CRrL3. 

On pages 3, 6, and 13 the constants C and C should be changed to C; and 
Cpr to conform with the equations and illustrations. 


WILLIAM S., WALKER, ! A. M. ASCE and JOSEPH T. KOLIBAL.2—Mr. 
Posner is to be commended for his excellent presentation of the theory of 
Partial Moments and the graphs which serve as an aid in the rapid solution of 
problems by this method. 

However, it is pointed out that there are several methods of direct moment 
distribution available whereby in a matter of minutes the final moment and 
carryover factors can be computed by a simple routine arithmetical process 
independent of the loading. 

One such method has been used by the writers successfully for the past 
ten years. We call it the method of Partial Fixities. We have selected the 
author’s beam, Fig. 2a, Plate 1, and solved it by this method as illustrated in 
Fig. 1. 


In a total time of 15 minutes by a routine arithmetical process we have 
computed by slide rule: 


(1) The true joint fixities and final moment distribution factors at each 
joint. 

(2) The final distributed moment at each joint due to the application of a 
unit moment at each support. 


All that remains to be done is use the distributed moments as recorded for 
a moment of unity to obtain the support moments for any fixed end moment. 
The fixed end moments for any loading condition are well known. 

No graphs are needed. Moreover the theory is perfectly general and ap- 
plies to any condition of end support: fixed, cantilever, or partially fixed. 

For example suppose that the loading in span C-D, Fig. 1, is such that the 


fixed end moment at C, Mc_p is -1000 K', and at D, Mp-c, = 500 K'. What is 
the final moment at support B, Mp_¢? 


a. Proc. Paper 1567, March, 1958, by Harry Posner. 
1. Structural Engr., Pittsburgh, Pa. 
2. Structural Engr., Pittsburgh, Pa. 
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Mp-c = +0.09 (+1000) - 0.026 (-500) = +163 K' 
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ANALYSIS OF FINITE BEAMS ON ELASTIC FOUNDATION 


Denos C. Gazis,* J.M. ASCE 
(Proc. Paper 1722) 


SYNOPSIS 


The analysis of bending of finite beams on elastic foundation, under the ac- 
tion of an arbitrary distribution of lateral loads, is accomplished by an itera- 
tive procedure analogous to the H. Cross method for the analysis of continuous 
beams and structural frames. Very short beams may be considered as rigid 
with respect to the foundation. Approximate equations are derived for the di- 
rect computation of deflection and stress for beams ranging from long to 
moderately short with respect to the “characteristic length” of the system of 
the beam and the foundation. 


INTRODUCTION 


The theory of bending of elastically supported beams has applications in 
the design of various structures, such as railroad tracks, networks of beams, 
and thin-walled cylinders under axially symmetric loads. This theory has, in 
general, been evolved on the assumption of proportionality of the reaction of 
the foundation at every point to the deflection of the beam at that point. 

The problem of the bending of an infinite or semi-infinite beam under 
transverse loads is relatively simple. Solutions for some fundamental load- 
ing cases have been given by S. Timoshenko'!) and M. Hetényi. 2) solutions 
for some other loading cases can be obtained by a linear superposition of 
known solutions. 

The problem of the bending of a finite beam on a linearly elastic foundation 
presents, in general, some computational difficulties. As is well known, four 
boundary conditions have to be satisfied, namely the conditions on the shear 
force and bending moment, or the corresponding deformations, at the two ends 


Note: Discussion open until December 1, 1958, To extend the closing date one month, 
a written request must be filed with the Executive Secretary, ASCE. Paper 1722 is 
part of the copyrighted Journal of the Structural Engineering Division, Proceed- 
ings of the American Society of Civil Engineers, Vol, 84, No, ST 4, July, 1958, 

*Senior Research Scientist, Research Staff, General Motors Corp., Detroit, 

Mich. 
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of the beams. This results in a rather complicated system of four linear al- 
gebraic equations for the determination of the unknown constants of integra- 
tion. 

Pasternak(3) has given tables for a few special loading cases. Hetényi(2) 
has described a general method for the solution of problems of bending of a 
finite beam by superposition of appropriate cases of loading of an infinite : 
beam. 

The purpose of this paper is to suggest an iterative procedure for the 
analysis of a finite beam, which utilizes known solutions for the infinite and 
semi-infinite beams. The procedure is analogous to the well-known Cross 
method(4) for the analysis of continuous beams and structural frames. 

The iteration is executed including the first and then the second order 
terms, and a simple formula for the computation of the stresses and deflec- 
tions of the beam is derived for the first and second order approximations. 

A criterion of applicability of these approximations is given in terms of the 
rigidity and length of the beam, and the foundation modulus. It is related to 
the well-known criterion which characterizes a beam as short or long in con- 
junction with the foundation material.(2) The first order approximation is 
satisfactory for relatively long beams, and the second order approximation 


for moderately short beams. Very short beams may be considered as rigid 
with respect to the foundation. 


Outline of the Method 


A finite beam of length 1, resting on a linearly elastic foundation of 
modulus k, defined as the foundation reaction per unit of normal displace- 
ment, is subjected to a loading L (Fig. 1). The edges of the beam can be 
considered free without loss of generality. Any terminal loads can be in- 
cluded in L by considering that they are applied just inside the span AB. 


The beam is assumed to undergo its deformation in successive stages as 
follows: 


a. The beam is considered as a part of an infinitely extended one of the 
same elastic properties and on a similar foundation, with the portion 
AB loaded with L. The remainder of the infinite beam may be loaded 
with an arbitrary load to render the eo pe of this stage easier. A 
shear force VA and bending moment Mo are developed at the cross- 
section A, as Well as similar beam stresses iy and MB at the 
cross-section B (Fig. 3a). 

- The beam is “cut” at A, i.e. the continuity is dissolved at this point, 
and the opposite values -vA and -MA of the shear and moment are 
applied at the edges of the cross-section A (Fig. 3b). An additional 
shear force vB and bending moment MB are developed at B. Then 7 
the continuity is restored at A. The edges of this cross-section have 
now attained a relative displacement Ay and rotation A®@ (Fig. 2). 

However, under the assumption of small deformations and in view of 

the above definition of the foundation modulus, the beam may be treated 

as continuous at A, for any further loadings. Or, it may be assumed 

that an appropriate combination of shear and moment is applied at the 

left edge of A, before the restoration of the bond, to assure continuity 

of deflection and slope at this point. These loads, of course, do not af- 

fect the values of the displacements and stresses on the portion AB. 


‘ih 
the: 
ley 
<i 
4 
7 


ASCE ELASTIC FOUNDATION 1722-3 


. The beam is now cut at the point B, and the loads -VB and -MB are 
applied at the edges of this cross-section (Fig. 3c). The shear “force 
vA and bending moment M;* are computed for the cross-section A, 
and then the continuity is restored at B. 
d. saws cycle of relaxation of the shear and moment at the edges, stages 
b and c, is repeated by dissolving alternatively the continuity at A and 
B. The shears and moments of cycle n-1 are relaxed in cycle n. It 
will be seen that the values of the terminal loads vA, MA, ve, mB 
decay rapidly with increasing n, and can be neglected after an appro- 
e priate number of cycles. The superposition of all the loading cases up 
to and including the last relaxation cycle corresponds to zero shear and 


. Terminal loads -vB, -mB acting on the edge B of a semi-infinite 
beam including A, where 


Infinite and Semi-Infinite Beam 


The differential equation for the deflection curve of a beam on an elastic 
foundation is( 


sky - (1) 


where k is the foundation modulus, E is Young’s modulus for the beam, I is 
its principal moment of inertia about an axis normal to the plane of bending, 
and q is the lateral load distributed on the beam. 

The general solution of Eq. (1) is 


y= cosBx +C, sinBx) + +C,sinBx) +Y (a 


where £ is the well-known characteristic of the system given by the expres- 
sion 


moment at sections A and B in accordance with the assumed boundary _ 
conditions. As a result, the deformation and stresses at each point of 
the beam AB are computed, after n relaxations of the terminal forces, 
for a superposition of three simple loading cases: 
1. Load L on an infinite beam. é 
2. Terminal loads -vA, -MA acting on the edge A of a semi-infinite a 
beam including B, where q 
n-l n-! 
A A A A { 
V Vi M Mi (a) 
i=0 i=0 
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4 
B=V k/4El (3) 


and y, is the complementary solution corresponding to q. 

The integration constants C;(i = 1,2,3,4) are determined for the whole 
beam and/or for portions of the beam by use of appropriate boundary and 
continuity conditions. 


Infinite Beam 


Solutions for different loading cases on an infinite beam are found e.g. in 
references (1) and (2). By superposition of these cases one can obtain the 
solutions for numerous other loading cases. 


Semi-Infinite Beam 


As explained in the preceding section, only the solution for terminal loads 
on a semi-infinite beam is required. The deflection y(x), shear V(x) and 
bending moment M(x) for a terminal force P and moment M, (Fig. 4) are 


y (x) P@(Bx) - BMY (Bx) | 
V(x) = Py(Bx) +2BMZ(px)| 


with the sign convention of reference (1), and 
= (sinz -cosz) 
$(z) €*(sinz + cos 2) 
= 


G(z) = 


Values of the functions ~, @, @, ¢ are tabulated for a wide range of 
values of Z@ in reference (1). 


Finite Beam 


The solution of the problem of the finite beam can now be formulated, as 
has already been outlined, after a few definitions. 
Continuity loads are defined as the shear forces and moments developed at 


the continuous cross-sections A or B. 
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Acting loads are the inverse of the continuity forces. 

By adoption of the same sign convention for both the continuity and the act- 
ing loads, the latter are the algebraic opposites of the former. It is found 
convenient here to adopt the sign convention shown in Fig. 5. According to 
this convention, all couples and lateral forces have the conventional signs of 
reference (1) for the bending moments and shear forces, respectively, except 
for the lateral force at the left end of the beam. The latter corresponds to a 
configuration of a negative shear force. 

Carry-over factors are defined as the values r entering Eqs. (6) for the 
determination of the continuity loads Vp, My at one end for acting loads 
-Vn-1) -M,-1 at the other end. 


Ven — ( Mat /\) 


It should be remarked that due to the symmetry of the sign convention, the 
same carry-over factors are valid for a relaxation of the loads at the left or 
the right end of the beam. 


The carry-over factors are determined, by use of Eqs. (4), as 


Values of the carry-over factors are given in Table I, for different values 
of Bl, to an accuracy of five decimal digits. It is seen from this Table that 
these factors are always smaller than unity and decay rapidly with increasing 
81. Hence the iteration described in this paper converges always, and it 
does so more rapidly for larger values of £1. 

The quantity #1 describes the system of the beam and the foundation. In 


fact, it is 
Bl=l/a 


where A is the well-known characteristic length of the beam on elastic foun- 
dation. Accordingly, a high (or low) value of Bi qualifies the beam as long 
(or short) in comparison with the characteristic length of the system. More 
specifically, high values of 81 correspond to relatively long and flexible 
beams on a stiff foundation; low values of 81 correspond to relatively short 
and stiff beams on a soft foundation. For brevity, the former shall be re- 
ferred to as long and the latter as short beams. 


First and Second-Order Approximations 


For long beams the carry-over factors become very small, as it is ascer- 
tained from Table I. The iteration may then be stopped after the relaxation 


j 
pe 
(6) 
= 
q 
if 
VV 1 
4 
i 
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of the shears and moments of the infinite beam. This is referred to as a first- ‘e 
order approximation. 


In this approximation, the terminal forces of Eqs. (a) and (b) become 
A A A A 
M =m, 
B B B B 


The deflection, shear force and bending moment at a point x, (Fig. 1), are . 
given by 


+ [2BM +V (Bx) -2BM -V"Y 


where Yo» Vo, Mo are the corresponding values at that point for an infinite 


beam loaded with L along AB, and the functions yw, ¢, 6, and ¢ are given 
by Eqs. (5). 


For moderately short beams a second cycle of relaxation is necessary. 
This constitutes the second-order approximation. 
The terminal forces of Eqs. (a) and (b) are 


The deflection and beam stresses are given by the same expressions (9), 
with the terminal forces taken from Eqs. (10). 


(10) 


Different Boundary Conditions 


The preceding discussion pertains to the case of unrestrained edges (Fig. 
1). For the cases of different boundary conditions a solution can be obtained 
by treating the reaction forces and moments as redundants of a statically in- 
determinate system. 


However, an iteration process similar to the one already discussed can 


ba 
( 8) ‘ 
q 
earn 
= 
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also be developed for any particular combination of boundary conditions. Re- 
ferring to the outline of the method, instead of relaxing the shear and moment 
at stage b, one can restore the deflection and/or slope to zero, according to 
the stipulated boundary conditions. Formulae analogous to (10) can be de- 
rived for a system of terminal loads and/or deformation components, which 
are to be superimposed to a basic loading on an infinite beam, as outlined at 
the beginning of this paper. 

Two examples are offered below, the beam with simply supported edges 
and the beam with fixed edges. 

1. Simply Supported Edges (Fig. 6). The deflection and beam stresses are 
given by 


— Mo (BY 


2. Beam With Fixed Edges (Fig. 7). The values of y, V, M are given by 


(13) 


where 


a 
. 
= 
where 
= 
ee 
the equations 
a 
7 + 
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The quantities yA, vA MA, (or yB, 7B, MB) entering Eqs. (12) and (14) 
are the values of deflection® rotation’ and Dendidg moments at points A (or B) 
for the infinite beam. Positive terminal deflections and slopes are assumed 
in the direction of positive terminal loads, according to the sign convention of 
Fig. 5. 

Equations (12) and (14) correspond to a second-order approximation. For 
the first order approximation only the first terms of the second members of 
these equations should be retained. 


Applicability of the Two Approximations 


The range of applicability of the first and second-order approximations is 
determined by the desired accuracy. For an accuracy of 3% the first-order 
approximation is good for Bl > 5.00, and the second-order approximation 
is good for Bl > 0.80. This is in agreement with the criteria set by Hetényi 
for the definition of a beam as long or short. (2) Accordingly, beams of finite 
length can be classified, according to their length, into the following three 
groups, with the corresponding suggested approximation for their analysis. 


1. Long beams, B1 > 5.00; first-order approximation. 

2. Moderately short beams, 5.00 > B1 > 0.80; second-order approxi- 
mation. 

3. Short beams, Bl < 0.80; The iteration can be carried on until the de- 

sidred accuracy is reached. However, as pointed out by Hetényi(2) the 

beam may be treated in this case as rigid with respect to the foundation. 


APPENDIX 


The method will be illustrated by an example. A 100-pound rail section 
with I = 44 in* anda tie spacing such that k = 1,500 lbs/sgq. in. is subjected 
to a force P = 40,000 lbs (Fig. 8). The length of the rail is 15 ft. The values 
of y, V, and M shall be computed for the points A, 1, 2, 3, and B. 


Solution: For a Young’s modulus E = 3 x 10” lbs/sq. in., one obtains 


p=0.27 ft 


Bl = 4.06 


d 
4 
x 
if 
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Hence the beam falls in the group of moderately short beams, and the sec- 
ond order approximation shall be used. 
From Table I, the carry-over factors are found 


=- 0.0031 
0.0034 
0.1112 


0.0242 


The initial continuity forces are computed by use of appropriate formulas of 
reference (2) for the infinite beam. 


Lbs 


= 3,632 
948 Lbs 


~4,292 ft.lbs 


1,928 ft-lbs 


From Eqs. (10), the acting forces of the second-order approximations are 
A 
Vo =-3,815 lbs 


V "= 968 Ibs 
M* =— 4387 ft.lbs 


=— 1,837 ft-lbs 


The values of ¥, ¢, @, and ¢ for the points A, 1, 2, 3, and B are 
listed in Table Il. They were taken from Table I of reference (2). 

Finally, the required deflection and beam stresses are computed according 
to Eqs. (9). Table III shows a typical arrangement of the computations. The 
computed values of y, V and M are 


Point A y=0.213 in , V=0 ,M=0 


Point] =0.326 in. lbs 


34,752 {t.lbs 
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Point2 y=0.135 in., V=- 3453 Lbs ,M=-5,991 ft-lbs 


Point 3 y=0.022 in., V= 1,764 lbs ,M=-6,910 ft.lbs 
Point B y= ~0 ,V=0 ,M=0 


The diagrams of deflection, shear and moment are plotted in Fig. 9 
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-1.200000 
-0.280998 
-0263975 
-0248880 
-0.35637 
=00e24149 
-0205990 
0200928 
0206575 
0211079 
0014567 
02017158 
0218970 
0220110 
0020679 
0020771 
0220470 
0219853 
02018989 
0017938 
0216753 
0215479 
0214156 
0012817 
0011489 
0210193 
0208948 
0.07767 
0206659 
0.05631 
0204688 
0203831 
0203060 
0202374 
0201769 
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-0 .06506 
-0213136 
-0.20883 
-0229079 
237186 
044787 
-0251573 
257326 
-0261912 
-0 265265 
267374 
268276 
0268042 
-0.66771 
264579 
0261595 
-0.57951 
-0.53784 
249224 
244396 
239417 
234391 
0229413 
224563 
-0219910 
-0215510 
-0.211408 
-0207635 
-0204216 
-0201161 
0201523 
0203840 
0205799 
0207415 


TABLE | 


CARRY-OVER COEFFICIENTS 


-1200000 
-0.90333 
-0281328 
-00e72976 
065259 
-0258157 
—-0 245701 
—-0240291 
0235386 
-0230956 
—-0226969 
0223394 
-0220200 
-0217358 
0214838 
-0212613 
—0210657 
-0.08943 
0207449 
-02.06153 
-0.05034 
-0204072 
-0203251 
-0202553 
-0.201965 
0.01473 
-0201064 
-0,00728 
0200454 
-0.00234 
-0.00060 
0.00074 
0200176 
0200251 
0200303 


Ymv AND mm 


| tm | | tom | 


1200000 
0299065 
0296507 
0292666 
0.87844 
082307 
076284 
0269972 
02063538 
0257120 
0250833 
044765 
0238986 
0233550 
0028492 
0223835 
0219592 
0215762 
02012342 
0.209318 
0206674 
0204388 
0202438 
0200796 
-0200562 
0201664 
-0.02536 
-0203204 
-0.03693 
204026 
204226 
—-0204314 
204307 
0204224 
—0204079 
-0203887 
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TABLE | (Continued) 
CARRY-OVER COEFFICIENTS 


lm, AND fmm 


0201241 


0200336 -0203659 

0200787 0200354 0203407 
0200401 0200360 -0.03138 
0.00077 0210859 0200357 0202862 
0.00189 0211089 0.00347 -0202583 
-0200403 0211120 0.00331 -0202309 
-0200572 0210979 0.200311 0202042 
0.00699 0210691 0.00289 -0.201787 
-0.00791 0210281 0200266 -0201546 
-0.200852 0.09773 0.00241 -0.01320 
-0.00886 0209189 0200217 -0201112 
-0200898 0208549 0200194 -0 200921 
-0200892 0207870 0200171 -0200748 
-0200870 0207170 0200149 -0200593 
-0200837 0206461 0.00129 0200455 
-0200795 0.05757 0200111 -0 200334 
-0.00746 0205069 0200094 -0200229 
0200692 0204404 0.00078 -0200139 
-0200636 0203769 0.00065 -0200062 
-0.00578 0203172 0200052 0200001 
-0200520 0202614 0200042 0200053 
—0200464 0202101 0200032 0200095 
-0200409 0201632 0200024 0200127 
-0200356 0201209 0.00017 0200152 
-0200307 0200831 0200012 0200169 
-0200261 0200498 0200007 0200180 
-0200219 0200209 0200003 0.00185 
-0200181 -0200039 -0200000 0200187 
-0200146 0200248 -0200003 0200184 
-0200114 -0200420 -0200005 0200179 
-0200087 0.00559 -0.200006 0200172 
=0.00063 0.200668 -0,00007 0200162 
0200042 -0200748 0200008 0200152 
=0200024 0200804 -0.200008 0200141 
-0200009 -0.00839 -0200009 0200129 


306 
3e7 
308 
309 
400 
4el 
4e2 
463 
4e4 
4e5 
4e6 
4e7 
4e8 
409 
5209 
5el 
502 
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504 
506 
5e7 
508 
509 
620 
6el 
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603 
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608 
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TABLE II 


VALUES OF THE Y, QANDZ FOR THE POINTS 
, 2, 3 AND B, (Fig. 8) 


vais [one [ 0499 | | [ios [3 
[ 2000 [-0050 | one [2000 [7 
[sous [-0052 [-000 [-0007 | [3.005 


TABLE 


COMPUTATION OF DEFLECTION AND STRESSES AT THE 
POINTS A AND 1, (Fig. 8) 


Infinite Due To Due To Total 


37,000 | -4,343 


ASCE 
iy 
| 
| | ora | 0.096 | -0.003 | 0 | 0.213 | 
-4,292 | 0 +4,387 | - 48 | - 44] 0 | 
fy | 0300 | 0.022 | 0.004 | -0.00 | 0.00| 0.326 | 
4 Left || 20,000 : 
V - 730 
Right || -20,000 
q 
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FIGURE 1- FINITE BEAM ON ELASTIC FOUNDATION 


FIGURE 2 - DISCONTINUITY OF DEFLECTION AND SLOPE AFTER 
FIRST STAGE OF RELAXATION 
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(a) Continuity Forces of an Infinite Beam 
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(c) First Relaxation of Loads at B 


FIGURE 3 - FIRST THREE STEPS OF ITERATION 
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FIGURE 4- TERMINAL LOADS ON A SEMI-INFINITE BEAM 
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(a) Positive Forces (b) Positive Moments 


FIGURE 5 - SIGN CONVENTION FOR THE TERMINAL LOADS OF A 
SEMI-INFINITE BEAM 
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FIGURE 6 - BEAM WITH SIMPLY SUPPORTED ENDS 


AS 
NN 


B 


OZ 
X 


FIGURE 7 - BEAM WITH FIXED ENDS 
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P= 40,000 Ibs. 


Deflection 


FIGURE 8 - EXAMPLE 
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THE BEHAVIOR OF ONE-STORY BRICK SHEAR WALLS 


Jack R. Benjamin,! A, M. ASCE and Harry A. Williams,2 M. ASCE 
(Proc. Paper 1723) 


SYNOPSIS 


This paper gives the results of an investigation of the effectiveness of unre- 
inforced brick masonry walls to resist shear forces applied in the plane of 
the wall. Large size and scale model brick walls were tested without bound- 
ing frames, and with reinforced concrete or structural steel frames. 

Some approximate relationships are suggested as a means of predicting the 
behavior of such walls. 


INTRODUCTION 


Brick or concrete walls in a building can effectively resist shearing forces 
resulting from blast or earthquake. The degree to which they can resist such 
forces depends on the materials used in the walls, on the way in which the 
walls are tied into the adjacent structural elements, and on the strength and 
rigidity of these elements. 

Blast resistant design may require that the designer know the relationship 
between the force applied to a shear wall and the deflection of the top of the 
wall at all stages of loading including the post-ultimate phase. The object of 
a general investigation of shear walls at Stanford University from 1951 to 1956 
was to obtain information of the type suggested above. The project was con- 
ducted under Contract W-591 with Sandia Corporation, Albuquerque, New 
Mexico, during 1951 and under Contract DA 49-129-Eng-193 with the Office of 
the Chief of Engineers, Department of the Army, Washington, D. C. during the 
period 1952 through 1956. 

A portion of the results pertaining to one-story concrete walls has been 
published. (1) This paper is concerned with the behavior of one-story 


Note: Discussion open until December 1, 1958, To extend the closing date one month, 
a written request must be filed with the Executive Secretary, ASCE, Paper 1723 is 
part of the copyrighted Journal of the Structural Engineering Division, Proceedings 
of the American Society of Civil Engineers, Vol, 84, No, ST 4, July, 1958. 

1. Associate Prof. of Structural Eng., Stanford Univ., Stanford, Calif. 

2. Prof. of Civ. Eng., Stanford Univ., Stanford, Calif. 
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unreinforced brick shear walls. In particular the following wall types are 
discussed: 


1. Brick masonry without bounding frame. 

2. Brick masonry panel with bounding frame of reinforced concrete. 

3. Brick masonry panel with bounding steel frame. Two tests were run, 
one with a solid panel and the other with a single opening of approxi- 
mately one-ninth the panel area. 


An investigation of the characteristics of the bond strength of the brick- 
mortar composite is included also. The work does not include reinforced 
grouted brick masonry. 

The walls studied were of one story and were loaded as vertical cantilever 
beams by a concentrated horizontal force at the top of the wall, generally ap- 
plied to the corner of the bounding frame. This is illustrated in Fig. 1. The 
walls were not subject either to direct vertical bearing loads or to loads 
perpendicular to the face of the panel. Table 1 contains a description of all 
walls tested. The model scales given are approximate only, based on full 
scale being 8 ft. high and 12 ft. long. Each series of tests involves a slightly 
different prototype. 

The unit masonry composite, brick and mortar, is a highly variable and 
complex material. Possible variations in construction are unlimited and 
strength parameters vary from locality to locality. The investigation was 
confined to a particular brick obtained locally and generally with one type of 
mortar. This was necessary to limit the scope of the investigation to practi- 
cal proportions. 

At the beginning of the program, considerable effort was expended on 
mathematical studies of the possible stresses in brick wall panels. Such 
studies were largely abandoned after the highly variable performance of the 
unit masonry composite became apparent from the test program. Predictions 
of behavior based on an average shear strength and shearing modulus of 
elasticity are proposed in this paper. The validity of these predictions is 
generally limited to the particular unit masonry used in the tests. 

A typical load-deflection curve is given in Fig. 2. The predicted curve is 
considered satisfactory if it gives a reasonable approximation based on load 
and deflection at ultimate. Post ultimate behavior is a function of the bound- 


ing frame and the test procedure. Strength beyond the ultimate load is largely 
a matter of frictional resistance. 


Scale Effect 


The first problem facing any study in which models are used is to de- 
termine if a scale effect is involved. Several large scale tests were run but 
they were so time-consuming that a majority of the tests with brick masonry 
were made with models. The difficulty with models is that areas scale differ- 
ently from moments of inertia. Are model tests valid in predicting the be- 
havior of the prototype? Furthermore, with brick masonry panels, must the 
brick and mortar joints be to scale? 

This problem was studied for plain brick panels with a reinforced concrete 
frame by testing a series of walls varying from 0.34 scale to full size speci- 
mens BW-1 to BW-8. The wall thickness was varied by changing the orien- 
tation of the brick in the wall. The brick were not cut and all joints were of 
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FIG. 2. TYPICAL LOAD-DEFLECTION CURVE. SPEC. ha-2. 
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the same size regardless of the model scale. The masonry was designed to 
have as near a balanced design as possible based on test panels fracturing 
through the brick as well as along the mortar joint. The load-deflection 
curves for this series of tests are given in Fig. 3 and a photograph of a large 
wall are shown in Fig. 4. Load-deflection curves are shown adjusted to the 
scale factor, A = 1. (Deflection varies directly as A, forces as A2.) The 
curves of Fig. 3 show the wide variation resulting from materials and work- 
manship. The one-third scale specimens BW-1 to BW-5 inclusive, were es- 
sentially alike but the ultimate strength when converted to full scale values, 
varied from 132 kips to 210 kips with an average of 164 kips. There was a 
corresponding variation in the first crack load. This variation leads one to 
conclude that any scale effect difference has little significance. 

Further tests were made during the program using cut brick and comparing 
the results with those for a panel in which the brick were not to the same 
scale as the model. In no case did the results with cut brick differ appreci- 
ably from those obtained with uncut brick. These tests included two model 
walls, 4a-4 and 4a-5, and other tests not reported herein. 


Experimental Procedures 


The common brick used in this research may be classified as stiff-mud, 
side wire cut, vacuum treated, red-burning clay bricks. The brick was manu- 
factured in San Jose, California. Table 2 contains the average properties of 
the brick according to ASTM tests (2) along with similar properties for three 
other representative types of brick.(3) The physical properties of brick of 
the same types differ widely. Variations in compressive strength and modu- 
lus of rupture of as much as 100 per cent were obtained. Suction and ab- 
sorption tests give more consistent results and are more important in defin- 
ing the strength of shear walls providing the brick to mortar joint is critical. 

A high strength mortar was used in the tests. It was selected to give a 
balanced design as nearly as possible in the brick-mortar composite. That 
is, a failure should include bond failure and mortar and brick fracture in as 
nearly equal proportions as possible. The laboratory walls were of high 
quality workmanship. 

Table 3 contains typical average mortar properties by ASTM specifications 
for this investigation along with typical properties for other mortars. Bond 
strength was found to be best indicated by the flow and water retentivity tests. 
The flow test is a measure of mortar consistency with masons preferring 
flows of 110 to 120 per cent. The retentivity test is an indication of the ability 
of the mortar to hold water when in contact with brick. ASTM specifications 
require a retentivity of sixty-five per cent. The water-cement ratio of the 
mortar was found to be an important variable. No specification for this vari- 
able exists. 

Conventional crossed brick couplet tests were made initially as a measure 
of bond strength. The mortar to brick joint is subjected to a pure tensile 
stress in this case. Typical cross brick couplet test results are given in 
Table 4. Such tests re-emphasized the important influence of workmanship. 
Minor differences in placing, tamping, and curing produced large differences 
in bond strength. The wetness of the brick has an important influence on bond 
strength. Suction and absorption rate do not adequately describe the degree 
of wetness. Indications are that the optimum suction rate is twenty grams 
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side wire cut, 
vacuum treated 


Stiff-mud clay, 
mold 
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TABLE 2 


PHYSICAL PROPERTI“#S OF COMMONLY USED BRICK 


Modulus Compressive | Suction | 2h hr. 

of Strength Rate Absorption 
Rupture 

(psi) (psi) | (gpm) (%) 


Stanford 58.2 | 12.5 
Shear Wall j 
Project 


6160 
Tests 


6,60 
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Type of Brick | Reference | = 
—— 
/ | =| @ 
Canadian 1110 8025 Not | 13.8 i. 
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TABLE 3 


PHYSICAL PROPERTISS OF MONTAR 


Mortar 


28-day 28-day 
a 
Proportions 


Compress. | Tensile 
Strength “trength 
(psi) (psi) 


Mortar | Mortar Reference gS 
Flow Retentivity 


3260° hoz | 95-100} 77 Stanford 
shear Well 
Project 


10:0,25FC:3S 


1€:0,25L:3S 


10:0.50L:h.5S 


10 :0.25L:3S 


ae Proportions by dry loose volume. 
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per minute or less and that saturated brick produces close to optimum bond. 

The mortar composition is related to the mortar flow by the water-cement 
ratio. Strength decreases with increase in water-cement ratio while flow in- 
creases. Penetration of the mortar into the brick requires a high flow. Values 
of 100 to 120 per cent were found desirable. 

The brick mortar composite in a shear wall panel is not subjected to pure 
tension across the face of the brick. Thus the cross couplet test may be a 
test of the tensile strength of the joint but it is not necessarily a good measure 
of the strength under combined stress conditions. Hence, an extensive series 
of tests of brick-mortar joints were then made under varying but known con- 
ditions of combined stress. The sketches of Fig. 5 show the method and test 
results are compiled in Table 5. Shear stress was calculated assuming a 
parabolic stress distribution because of the bending stresses that are present 
as a result of eccentricities of unknown magnitude. Thus the maximum shear 
was taken as 1.5 times the average value while the average normal stress was 
used. Specimens were cured one month under conditions of uniform temper- 
ature and moisture. 

The test results are shown graphically in Fig. 6 where the maximum shear- 
ing stress at ultimate load is plotted against the corresponding average normal 
stress. It is seen that the results can be represented by a straight line in the 
compression range. 

However, shear strength increases with compressive stress to a limit of 
approximately 1000 psi at a compressive strength of approximately 650 psi. 
Higher compressive stress does not increase the shear strength, but an ap- 
parent higher shear strength under test occurs with increase in compressive 
stress because of friction at the interface after the joint has failed. However, 
tests disclosed that sound specimens under such conditions actually had 
fractured at approximately the values given and the apparent shear resistance 
thereafter resulted from friction alone. 

Note that no direct relationship exists between mortar compressive 
strength and bond strength. The above results represent as near optimum 
workmanship as it was possible to achieve. In practice, workmanship of a 
lower quality can be expected to influence low strength mortars more than 
high strength mortars because the low retentivity of the former makes proper 
workmanship more difficult to achieve. 

The limited investigation of bond strength in combined stress indicates that 
a 120° test gives a good index of the quality of a particular couplet of masonry. 
The stresses correspond to those found in a shear wall panel with bounding 
frame. Tests involving tension are very critical with respect to test pro- 
cedure and give low magnitudes to measure. Larger compressive stresses 
than those with the 120° test tend to be influenced by friction. Obviously a 
number of specimens must be tested to obtain a reliable average strength and 
to define the probable variation from the average. 

Small model walls with reinforced concrete bounding frames were gener- 
ally tested in a 200,000 lb. Reihle testing machine. Large models and full- 
scale tests were conducted in the specially constructed shear jig shown in 
Fig. 7. 

The reinforced concrete frames were generally constructed of type I 
Portland Cement with well graded rock aggregate. The frame concrete was 
at a strength of about 3000 psi at the time of test. Reinforcing steel was of 
structural or intermediate grade. The bounding frames were designed to 
have a higher strength than the masonry panel. That is, the tension column 
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TABLE 5 
AVERAGE RESULTS OF COMBINED STRESS COUPLET TESTS > 
BRICK: STIFF MUD, SIDE CUT, CLAY, VACUUM TREATED 
Ultimate Ultimate Number 
Mortar | Test Angle | Shear Stress | Norml Stress of 7 
degrees Specimens 
os 0 
si a 
0° 38.8 5 
26.3 
60° 22,3 
A-1(1h) 75° 15.8 5 
high 90, 0 5 
quality 105, 64.2 ¢ 6 
120, 17h c 
0° 32.0 5 
23.0 5 
60) 18 e2 5 
A=2(1h) 75 12.9 5 
me dium 90 5 
quality 9.9 5 
1h5 c 6 
53h 5 
30.7 = 
2307 5 
2heS 5 
13.3 5 
low 5 
quality 56.8 ¢ 5 5 
151 5 
602 c 5 
* The letter "c" emphasizes that normal stress is 
compressive, See Fir. 5. 
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Tension Tension and Shear Tension and Shear 
] 
Tension and Shear Shear Compression anc Shear ; 
@= 75° a= 90° 105° 
Compression and Shear Compression and Shear Cormression and Shear 
6 = 170° @ = 135° @ = 150° 


Fig. 5 Arrangements for Combined 
Stress Tests of Mortar Joint 
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FIG. 6 = COMBINED STRESS COUPLET STRENGTH CURVES 


\ 
MORTAR 

3 R = 220 

0 

A 


1723-17 


BRICK SHEAR WALLS 


O 
< 


we 


ST300OW 3dAL ONILSIL 
SIF BY3HS din COE - “2 


70H 
on 
* 
5 


| 


66 


C3153. 
NMOHS 7300" 


All 


er 
4 
an 
. q 
° = 
= 
4 
NY 
E ~ 
q 
if 
/ 
Ph 
j 
4 
/ 
3 
J 
' 
AVE : 
Lid 
4 
Y ' 
/ ‘Hf a 
of 
/ ZA 
A 
/ 
/ fe Z 
4 
= 
7 
5 
- 


1723-18 ST 4 July, 1958 


steel was not placed in yield by the largest load attained and the ultimate load 
in the panel was reached before the compression column sheared off at the 
foundation. The steel bounding frame was designed to be stronger than the 
brick panels in walls SF-1 and SF-3, 

The test procedure consisted of applying a predetermined load and then 
reading gages measuring the wall distortions. The load remained essentially 
constant during the gage reading period up to the advent of major cracking in 
the wall panel near ultimate load. Considerable drop off of load occurred dur- 
ing the reading period at ultimate load and in the post ultimate range. Several 
studies of the steel stresses in the bounding frames were made using SR-4 
gages. The results were inconclusive. 


Brick Walls Without Bounding Frames 


Two tests were made on brick walls without bounding frames, Specimens 
3b2-1 and 3b2-la. Failure was at a very low load and appeared to be primari- 
ly a failure in tension at the junction of the wall and the concrete foundation. 
Once cracked along this line, the entire wall resistance vanished except for 
that due to friction alone. The pure tension couplet test gave a good index to 
this failure. Loads at failure are given in Table 6. 


Brick Panels With Reinforced Concrete Frames 


A total of twenty shear walls having a brick panel and a reinforced concrete 


bounding frame were tested. The various parameters investigated in addition 
to scale effect were: 


1. Length to Height Ratio - Walls 4a-1 to 4a-5 


2. Brick Size - Walls 4a-4, 4a-5 
3. Frame Effect 
Variable Concrete Area - Walls 3a3-2, 3b2-2, 3b2-2a, 3b2-3, 
3ba-3a. 
Variable Steel Area - Walls 3a3-1, 3a3-2, 3a3-3, 3b2-2, 


3b2-2a, 


Load-deflection curves are given in Figs. 8, 9, and 10 and a typical photo- 
graph in Fig. 4. The following conclusions were drawn from these tests: 


1. The length to height ratio has an important influence on ultimate 
strength and rigidity. 

2. Brick size was unimportant within the limits tested. 

3. The frame had no important influence on wall strength as long as it was 
strong enough to produce failure in the wall panel. Variations in column 
steel and concrete area did not influence the rigidity in the uncracked 
range insofar as can be determined experimentally. 

4. Prediciions of behavior must be approximate in nature with possible 
errors of as much as 50 per cent or more in ultimate load and rigidity 
depending on the workmanship. Any zone or line of weakness has a 
large influence on the overall wall behavior. 


The typical wall test showed a first crack generally along the junction of 
the panel and the foundation and tension column. This was followed by crack- 
ing in the region of the loading beam and compression column joints thereby 
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TABLE 6 
a ULTIMATE LOADS AND SHEARING MODULUS oe 
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essentially freeing the masonry panel from the frame except at the loaded 
corner and junction of the foundation and compression column. Boundary 
cracking occurred at varying load magnitudes, usually considerably below 
ultimate. This cracking did not produce any great change in rigidity. Final 
failure and ultimate load was characterized by a sudden crack through the wall 
panel essentially on the compression diagonal. The location of this crack is 
influenced by any variation in workmanship in the panel. Once the diagonal 
crack is formed, further resistance is the product of wedging action and 
friction. The method of testing has a marked influence on the post ultimate 
behavior. An increase in strength occurs with increase in rate of loading. 
The cracking at ultimate is so extensive that the usefulness of the wall is 
questionable beyond this point. 


Brick Panels With Steel Frames 


Two full-size brick walls enclosed by a steel frame were tested. Specimen 
details are shown in Fig. 11. Load-deflection curves are shown in Fig. 12 
and photographs of tested walls in Figs. 13 and 14. Wall SF-1 was construct- 
ed with a lower strength mortar than SF-3. 


Prediction of Brick Wall Behavior 


The prediction of load-deflection curves for walls having brick panels and 
an adequate bounding frame is a difficult problem. After considering the wide 
variations in test data, the problem was simplified to one of determining an 
expression for the linear range of behavior and for the ultimate load. A curve 
of this type is shown in Fig. 2. The post-ultimate behavior is sketched from 
characteristic test curves. From a practical point of view the post ultimate 
curves are of little value because of the extensive damage involved. 

The linear portion of the load-deflection curve from zero to ultimate load 
for panels with a reinforced concrete frame is calculated from elementary 
strength of materials and considering shear deformation in the panel only. 


1.2bV 
(1) 
5 - wall deflection t - panel thickness 
Vv - wall shear G - shearing modulus of brick com- 


b - clear panel height posite, 500,000 psi approximately. 


a - clear panel length 


Experimentally determined values of G are given in Table 6. 

The ultimate load formula for brick panels with reinforced concrete frames 
is based on the test observation that the brick wall panel is essentially 
cracked free of the frame prior to ultimate. This assumes that the frame it- 
self is not critical. The panel is then under an almost pure racking load. 
Theoretical and photoelastic studies were made of the stress conditions in the 
center of such a panel. Normal and shear stresses are necessary in order to 
use the combined stress couplet data. 

The couplet strength curves, Fig. 6, can be expressed as a straight line 
relationship in the region of interest for wall panels, 


“ 
= 
q 
cl 
1 
‘ 
4 
bad 
4 
3 
it 
<a 
zi 
phat 
3 


NI TIVM UVGHS JO - TI 


oe x “XOUddV- 


a 
w 


87 


! 


1723-24 ST 4 July, 1958 : 
| 
| | 4+ HH 
| pie / 
| 
a | ad 
| 
+) | 
| | HE / 
| a | 


1723-25 


BRICK SHEAR WALLS 


n 
< 


“€-dS T-dS UOJ SHAUND 


O2T 


O7T 


O9T 


O$T 


SdIM NI dVOI 


| | 
| | 4 
| 
- | | 
| 
| | | 
| | | 
| > Q 
| ~ 4 
ai | = | | = 
| 
| | | | | | 
| | | | | | 
| q 
a | Q 
| B. | | 
| } 
| | | | | | 
} 
© 


1723-26 


Fig. 13. 


ST 4 July, 1958 


v = 1.44 


Progressive Failure of Brick Wall with Steel Frame 


Specimen SF-3 


{ 
Poe 
Bal 
4 
K 
= 0.0 in. 
k 
V = 92 A = 0.60 in. ss 
a 
q 


ASCE BRICK SHEAR WALLS 1723-27 ‘ 


SF-1, 


ning 
specimen 


e 
= 
4 & ot 


Fig. 1h - Failure of 
nd 


‘a 


1723-28 ST 4 July, 1958 
Sxy = R+ 1.18y (2) 
Sxy - horizontal shear stress on brick-mortar boundary 
Sy - compressive stress normal to brick-mortar boundary 
R - intercept of straight line on Sxy axis. For mortar composites test- 


ed R is approximately 220 psi. 
Thus 
Sxy = 220 + 1.1Sy (2a) 


The strength of the brick-mortar composite in a wall panel will not be as 
great as that obtained in a couplet test because of the workmanship factor. 
Thus the strength of the actual wall panel composite can be expressed as a 
coefficient, C, times this formula, or 


Sxy = C(220 + 1.1Sy) (3) 


Values of C ranged from 0.6 to 1.0 for the walls tested. 

If the stresses at the center of the panel are computed from simple strength 
of materials, the results are reasonably close to those obtained by more exact 
procedures. Assume that the panel is cracked free from the frame and is 
subjected to a simple racking load. Let 


a = panel length 
b = panel height 
t = panel thickness 
P= applied shear load 
Then the shear stress on a horizontal cross section of the panel is 
Sxy = 


The compression stress on the same cross section is assumed to be uniform 
and has thé Vatte 


Sy = 
Then 

Sxy = 1.52 (5) 

Sy b 


Solve simultaneously with the couplet strength formula (3) to obtain 


220 C at a 

P = b (6) 
1.52%-1.1C 
SF - 1. 


This is the ultimate load formula. The couplet strength approximation is 
limited in scope because normal stress does not increase the shear strength 
above 1000 psi shear strength. Thus an upper limit based on shear alone 
exists of, 


Pmax = 670 C at (7) 
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The approximate nature of these formuli must be recognized. Table 6 con- 
tains a comparison of observed ultimate loads and those predicted by Eq. (6) 
using the C values of 0.7 for the walls BW-1 to & and 0.85 for all others. The 
change in C value is justified by a noticeable improvement in workmanship 
after the first series was tested and its importance fully recognized. 

The most reliable combined stress couplet test appears to be at 120°. Us- 
ing such a test, 

P 
120 
R=0.7 (8) 
where P490° is the ultimate load of the couplet for the 120° orientation and A 
is the area of bond. This analysis is limited to the 


1. Particular brick and mortar tested, 
2. Panel length to height ratio, a/b, 0.80 to 3.00 
3. Workmanship available in a laboratory. 


The walls with a steel bounding frame differ in rigidity from those with a 
reinforced concrete frame. They are much more flexible probably because of 
lack of perfect fit between the panel and the frame and deformations in the 
frame itself. There seems to be no logical way of developing an analytical 
relationship between shear load and deflection for this case. The limited ex- 
perience with the solid panel specimen, SF-3, suggests that deflections might 
be computed by Eq. (1) if the modulus of elasticity in shear, G, is replaced by 
an equivalent modulus, G, = 20,000 psi. 

The ultimate load can be computed as outlined previously for a brick wall 
with a reinforced concrete frame. 


CONCLUSIONS 


The limited study of brick masonry shear walls reported in this paper 
indicates that: 


1. Brick masonry can be studied by means of models. Errors caused by 
model scaling are not significant compared to variations resulting from 
workmanship. 


2. The behavior can be predicted within reason providing all the necessary 


parameters are known. 


3. Plain brick masonry wall panels have significant strengths when proper- 


ly confined by a frame. Without such a frame their value is very limit- 
ed. The bounding frame can be of reinforced concrete or structural 
steel. 
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(WW2), 1569(WW2), 1570(WW2), 1571(WW2), 1572(WW2), 1573(WW2), 1574(PL1), 1575(PL1), 1576(ST2)°, 
1577(PL1), 1578(PL1)°, 1579(ww2)°. 


APRIL: 1580(EM2), 1581(EM2), 1582(HY2), 1583(HY2), 1584(HY2), 1585(HY2), 1586(HY2), 1587(HY2), 1588 
(HY2), 1589(IR2), 1590(TR2), 1591(IR2), 1592(SA2), 1593(SU1), 1594(SU1), 1595(SU1), 1596(EM2), 1597(PO2), 
1598(PO2), 1599(PO2), 1600(PO2), 1601(PO2), 1602(P02), 1603(HY2), 1604(EM2), 1605(SU1)¢, 1606(SA2), 
1607(SA2), 1608(SA2), 1609(SA2), 1610(SA2), 1611(SA2), 1612(SA2), 1613(SA2), 1614(SA2)°, 1615(IR2)°, 1616 
(HY2)¢, 1617(SU1), 1618(PO2)°, 1619(EM2)°, 1620(CP1). 


MAY: 1621(HW2), 1622(HW2), 1623(HW2), 1624(HW2), 1625(HW2), 1626(HW2), 1627(HW2), 1628(HW2), 1629 
(ST3), 1630(ST3), 1631(ST3), 1632(ST3), 1633(ST3), 1634(ST3), 1635(ST3), 1636(ST3), 1637(ST3), 1638(ST3), 
1639(WW3), 1640(WW3), 1641(WW3), 1642(WW3), 1643(WW3), 1644(WWS3), 1645(SM2), 1646(SM2), 1647 
(SM2), 1648(SM2), 1649(SM2), 1650(SM2), 1651(HW2), 1652(HW2)°, 1653(WW3)°, 1654(SM2), 1655(SM2), 
1656(ST3)°, 1657(SM2)°. 


JUNE: 1658(AT1), 1659(AT1), 1660(HY3), 1661(HY3), 1662(HY3), 1663(HY3), 1664(HY3), 1665(SA3), 1666 
(PL2), 1667(PL2), 1668(PL2), 1669(AT1), 1670(PO3), 1671(PO3), 1672(PO3), 1673(PL2), 1674(PL2), 1675 
(POS), 1676(PO3), 1677(SA3), 1678(SA3), 1679(SA3), 1680(SA%), 1681(SA3), 1682(SA3), 1683(PO3), 1684 
(HY3), 1685(SA3), 1686(SA3), 1687(PO3), 1688(SA3)°, 1689(P03)°, 1690(HY3)°, 1691(PL2)°. 

JULY: 1692(EM3), 1693(EM3), 1694(ST4), 1695(ST4), 1696(ST4), 1697(SU2), 1698(SU2), 1699(SU2), 1700(SU2), 
1701(SA4), 1702(SA4), 1703(SA4), 1704(SA4), 1705(SA4), 1706(EM3), 1707(ST4), 1708(ST4), 1709(ST4), 1710 
(ST4), 1711(ST4), 1712(ST4), 1713(SU2), 1714(SA4), 1715(SA4), 1716(SU2), 1717(SA4), 1718(EM3), 1719 
(EM3), 1720(SU2), 1721(ST4)°, 1722(ST4), 1723(ST4), 1724(EM3)°. 


c. Discussion of several papers, grouped by divisions. 
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